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1 Introduction 

Affine Lie algebra [1-4], or current algebra on the circle, is the basis of a very large set of 
conformal field theories called the affine- Virasoro constructions |^ |^, ^ ^ A. The affine- 
Virasoro constructions include as important special cases the affine-Sugawara constructions 
[3, 8-11, 4] Ag on Lie g, the coset constructions 0, ||, |12|, ^ Agj^ and the if-invariant 
conformal field theories [0, |^ A{H), where H C KvX{g) is any finite symmetry group. 

Orbifold theory [14-30] has historically been approached at the level of examples, but 
recently a construction was given for the left mover stress tensors of all sectors of the general 
current- algebraic orbifold [^ ^ 



A{H) 
H 



H E Aut(^) 



1.1^ 



where A{H) is any if-invariant CFT. This construction drew heavily on recent advances 
p3| , |3^ in the theory of cyclic permutation orbifolds, and the construction has been worked 
out in further detail for the general cyclic permutation orbifold [^ the general 
permutation orbifold [0, the general inner-automorphic orbifold the general WZW 
|3 



orbifold 31 



the general coset orbifold [^ and the cyclic coset orbifolds ||35 
The principles of this construction are given in Refs. [pll and [R2]: 



• The H -eigenvalue problem, whose eigendata encodes the action of H on the untwisted 
currents (the action of H in the adjoint of g). 

• Eigencurrents, constructed from the eigendata of the if-eigenvalue problem, with diagonal 
response to transformations in the symmetry group. 
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• Local isomorphisms, which provide a map from the eigencurrents and untwisted stress 
tensor to the twisted currents j((T) with definite monodromy and the orbifold stress tensor 
t 

t{z) = : a)L„.ir)A^, a):, a = 0, . . . , iV, - 1 (1.2a) 



n(r) 

JnirUze^""', a) = e-'^^'^JnirUz, ct) , f„{ze^^') = t{z) (1.2b) 

in each sector a of the orbifold A{H)/H. Here is the number of conjugacy classes of H, 
the (T-dependent integers p(cr) and n(r) are included in the eigendata of the if-eigenvalue 
problem and C{a) is the twisted inverse inertia tensor of sector a. 

The twisted inverse inertia tensor is an example of an orbifold duality transformation 



31, 35, 32 



LH-^C{LH,(r) (1.3) 

which expresses the twisted tensor in each sector of the orbifold as a discrete Fourier 
transform of the iZ-invariant inverse inertia tensor of the symmetric theory A{H). Other 
duality transformations include the twisted structure constants and the twisted metric of 
the general twisted left mover current algebra ||31|, |32[| . 

In this paper, we restrict our attention to the special case of the general WZW orbifold 

AJH) A(H) , , , , , 

C H C Ant{g) (1.4) 

while extending the construction to obtain the full operator algebra of these orbifolds. In 
particular (see Sec. |), we obtain for each sector a of each Ag{H)/H: 

• the twisted right and left mover current algebra, and the corresponding right and left 
mover twisted affine-Sugawara constructions, 

• the algebra of the twisted currents and twisted affine-Sugawara constructions with the 
twisted affine primary fields, 

• the WZW orbifold operator equations of motion, which are world-sheet differential equa- 
tions for the twisted affine primary fields. 

In this development we encounter some natural extensions of the principles above, includ- 
ing: 

• the extended H -eigenvalue problem (see Subsec. p.2| ), which encodes the action of H in 
any matrix representation T of g, 

• eigenfields (see Sec. ^), including right and left mover eigencurrents and now the eigen- 
primary fields, which are constructed from the affine primary fields and the eigendata of 
the extended if-eigenvalue problem. 

• extended local isomorphisms from the eigenfields to the twisted fields with definite mon- 
odromy, including now the twisted right and left mover currents and the twisted affine 
primary fields. 
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The extended construction also includes a number of new duality transformations associ- 
ated to the twisted affine primary fields. We mention in particular (see Subsec. |^ ) the 
twisted representation matrices Tn(r)fi = %i(r)fi{T,a), 



T 



T{T, a) 



;i.5) 



which are the duality transformations in sector a of the untwisted matrix irreps T of g. 

One surprise in the full operator algebra is that the twisted right and left mover current 
algebras are not a priori copies of each other (see Subsecs. |5.3| , ^.41 and |5.5|) , a conclusion 
which we check both at the level of characters (see Subsec. |5.4|) and by constructing the 



corresponding classical theory of WZW orbifolds (see Subsec. p7|) . For permutation orb- 
ifolds (see Subsecs. fTS] , [7^ and [7.5| ) and inner-automorphic orbifolds (see Subsec. |10.1 



we 



are able to show by a mode relabelling that the situation is equivalent to copies, but we do 
not have a proof for the general case. 

Finally, we include ground state conditions to obtain twisted Knizhnik-Zamolodchikov 
(KZ) systems for all sectors of the general WZW permutation orbifold (see Sec. H) and the 
general inner-automorphic WZW orbifold (see Sec. |T0|). These systems are a central result 
of this paper. 

As an example, we find the twisted KZ system 



H 



if (permutation) C Aut{g) 



;i.6a) 



9^i+(T, z, a) = A^T, z, a)W^iT, z, a) 



a = 0,... ,N,-1 



;i.6b) 



w,ir,z,a) = 2c;i:^ 



n{r)aj ]~n{r) ,bl , 



E 



n(r) 



n{r)aj —■n(r),bl 



(m) j-itJ^) 
n(r)aj ~n{r),bl 



;i.6c) 



for the correlators of the twisted affine primary fields in each twisted left mover sector of 
all WZW permutation orbifolds. Here {^(r)aj} and £g(o-)((T) are respectively the twisted 
representation matrices of sector a and the twisted inverse inertia tensor of the twisted 
affine-Sugawara constructions of that sector. The integers n(r) are the puUback of the 
integers n{r) into a fundamental range. Simple solutions of this system are discussed in 
Sec. and the corresponding twisted KZ system for the inner-automorphic WZW orbifolds 
is solved in Subsec. |10.6| . 



2 The General Semisimple WZW Model 
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2.1 Notation 

In the following subsections, we will review the general semisimple WZW model Ag in the 
composite notation 

(r„)/, [T„,T,]=^/„,'=T„ M{k,T)J=(^] 5j (2.1a) 



Tr(M(k, T)Tan) = Gab, GacG'' = 5a' , [M(k, T),Ta] = (2.1b) 

a,b,c — 1 . . . dim g, a, (3 — 1 . . . dim T . (2-lc) 

Here is any matrix representation of the compact semisimple Lie algebra g, with metric 
Gab and structure constants fab'^- The diagonal data matrix M{k, T) stores information 
about the Dynkin indices {y} of the matrix representations and the affine levels {k} of 
each simple component of g. When needed, the composite notation can be replaced by the 
explicit notation 

^ = ®/0^ 7 = 0,...,X-1 (2.2a) 
a — >a{I),I, a — >a{I),I (2.2b) 
Gab Gai,bj = kir^Ui),b^)5ij, G"^ G^'^'' ^ kj'r)f^''^'^S'' (2.2c) 

fab' falfi/"" = fa^DXlf ^^uh'' (2.2d) 

{Ta)J {Tal)a/'' = {T'aUi)^^'^ SuSj"" (2.2e) 



M{k, T)/ Mik, T)y' = (2.2f ) 



M-\k, T)J M-\k, = (2.2g) 

Tr(TiT/) = y/(T^X,),,(,)5" . (2.2h) 

Here / is the semisimplicity index and a(/), «(/) are indices associated to the simple 
component g^, with structure constants, Killing metric, matrix representation and affine 
level f\ 7]^ , and kj respectively. Note that the matrix representations T oi g are direct 
sums of the matrix representations of . 
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We also need the left and right mover affine-Sugawara constructions [3, 8-11, 4] on g 
T{z) = Lf : Ja{z)Mz) :, f{z) = if : Ja{z)Mz) :, c, = 2G,,Lf (2.3a) 

Ja{z) Jal{z), Ja{z) Jal{z) (2.3b) 

rf^ahs:IJ 

^a, _^ <'''= 2fc'+g/ D,{T)J = {LfT^T,)J D,{T)y' (2.3c) 

D,{TU^' = {LI^''''T^mT,^)J' = 'rV;!'^ ^/ = A,.(T05.(/)'^(^)5/ (2.3d) 

where : ■ : is operator product normal ordering and L'^ is the inverse inertia tensor of the 
affine-Sugawara constructions. The quantity Dg{T) is the conformal weight matrix corre- 
sponding to representation T of g and Ag/(T^) is the conformal weight of representation 
under g^. 

For permutation invariant systems, these relations take the simple form 

^ g, a{I) = a, a{I) = a (2.4a) 

vL = Vat, T(f = rt\ fl: = fa,\ Tl = Ta. k, = k (2.4b) 
[Ta, Tfe] = lUT,, TT{T^n) = y{T)r^ab, M{k, T) = -^1 (2.4c) 

where Ag(T) is the conformal weight of irrep T under any copy ^ q. In this case, the 
data matrix and the conformal weight matrix are proportional to 1 , and the last relations 
in ( |2.4cj ), ( p.4d| ) hold for simple g as well. 



2.2 WZW Operator Algebra 

For general semisimple g, we have the OPEs 



Jaiz)Mw) = + + oiz - wf (2.5a) 

[z — wY z — w 



Ja{z)Uw) = + + o{z - wf (2.5b) 

[z — wy z — w 
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T{z)Ja{w) 



Ja{z)Jb{z) = regular (2.5c) 

(r^-TK + Ja{w) + 0{Z - ^)° (2.5d) 



T{z)Uw) = { j-^—^ + ) Jaiw) + 0{z - w)' (2.5e) 



z — w)'^ z — w 



T{z)Ja{w) = f{z)Ja{w) = regukr (2.5f) 



Jaiz)g{T, w, w) = 9iT,w,w) ^^ ^ _ ^^.ea) 
z — w 

Ja{z)g{T, w, w) = _T^9iT^w^ ^ _ (2.6b) 

z — w 

T[z)g{T, w, w) = + g{T, w, w) + 0{z - w) (2.6c) 

[z — wy z — w 

f{z)g{T, w, w) = (j^^ + g{T, w, w) + 0{z - w)' (2.6d) 

\{z — wy z — w J 

where J{z), J{z) are the currents of affine {g © g) and g{T, z, z) is the affine primary field 
corresponding to matrix representation T. As implied by ( p.6a|) and ( p.6b|) , the affine 
primary field is also a direct sum 

g{T, z, z)/ g{T, z, z)J' = gj{T' , z, z)^^j/^'^Si-' (2.7a) 

[M{k,T),g{T,z,z)]=0 (2.7b) 

of the affine primary fields gi{T^ , z, z) of . In what follows, we often refer to the affine 
primary fields g{T, z, z) as the WZW vertex operators. 

The OPEs ( |2.5| ) and ( p.6| ) are equivalent to many familiar commutation relations, among 
which we list for reference 

Uz) = J2 Ja{ni)z-^-\ Uz) = J2 Um)^-"'-' (2.8a) 
T{z) = L{m)z~"'-\ f{z) = L{m)z~"'-^ (2.8b) 
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[Ja{m), Jbin)] = ifab^Jcim + n) + mGabSm+n,o (2.8c) 

[Ja(m), Jb{n)] = ifab^M^ + n) + mGabSm+n,o (2.8d) 

[Jaim),Mn)]=0 (2.8e) 

dgiT,z,z) = [L{-l),g{T,z,z)], dg{T,z,z) = [L{-1), giT,z, z)] (2.8f) 

[Um),g{T,z,z)] = g{T,z,z) T^z^ , [J,(m), (?(T, ^, z)] = -^"T, giT^z^z) (2.8g) 



where ( |2.8c|) , (|2.8d| ), (|2.8e| ) is the algebra of affine {g®g). Then (see for example Ref. 



we may use ( |2.81| ) and ( p.8g| ) to obtain the WZW vertex operator equations 

dg{T, z, z) = 2Lf : J, g{T, z, z)n :, dg{T, z, z) = -2Lf : J.T, g{T, z, z) : (2.9) 
from which the Knizhnik-Zamolodchikov (KZ) equations for WZW correlators can be 



derived 36 . 



3 The Automorphism Group H 
3.1 Action in Representation T 

Let H C Aut((7) be a symmetry group (automorphism group) of the WZW model Ag{H) 
and pick one representative her & H of each conjugacy class of H. The actions of the H 
symmetry on the currents J, J and the affine primary fields g{T) are 

Jaiz)' = wiK)a''Mz), Ja{z)' = w{K)J'Jb{z) (3.1a) 

g{T, z, z)' = W{K- T)g{T, z, z)W\K- T) (3.1b) 

g{T, z, z)'J = W{K- T)^^g{T, z, z)^'W\K; T)s^ (3.1c) 

w\K)w{K) = 1 , W^iK; T)W{K; T) = 1 (3.1d) 

w{K),W{K;T) E H C Ant{g), a = 0,... ,N^-1 (3.1e) 
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where Nc is the number of conjugacy classes of H. The matrix w{hcr) is the action oih^j & H 
in the adjoint of g, while W{h„; T) is the action]^ of h„ ^ H in matrix representation T of 
g. Automorphic invariance of the current-current OPEs ( p.Saf ) then requires 



w{K)a^w{K)b'^Gcd = Gab, w{K)a'^w{K)b^ fdJ w\K) = fab", V /l^ G i/ C Aut (^) . 

(3.2) 

In what follows, these relations are called the H symmetry of G and /. The invariance 
of Gab also guarantees the H invariance [|l^ of the inverse inertia tensor and the stress 
tensors: 



(3.3a) 



T{zy = T{z), f{-zy = f{-z) . 



(3.3b) 



This much is well understood in current-algebraic orbifold theory |32 



Here we extend this discussion to include the automorphic invariance of the Jg and Jg 
OPEs, e.g. 



Ja{z} g{T,w,w} = Ta + 0{z-w) . 

z — w 

The invariance of these OPEs requires the linkage relation 

W\K; T)TaW{K- T) = w{K)a'Tb, ^KeHd knt{g) 



(3.4) 



(3.5a) 



W{K- T)TaW\K- T) = w\K)a'T, 



(3.5b) 



w 



\K)a\W\K; T)T,W{K- T)) = w{K)a\W{K; T)T,W\K- T)) = Ta 



(3.5c) 



t^The explicit form of W{T) is given for permutation subgroups of Aut(f;) in Subsec. 7.1 and for inner- 
automorphic subgroups of K\xt{g) in Subsec. 10.1. To use the formalism for automorphism groups which 
include outer automorphisms of simple g, one often needs to include reducible representations of g. As 
an example, we mention the charge conjugation automorphism T'^*'^ ^ T'^*'^ = — J'(o)t Jqj. 3 g^j^^j 3 Qf 
SU{?>) in the standard Cartesian basis. In this case we may take 



J'a — ^a' Jb, Ta — 



a 



(0) 







n 



(0) 



a= 1 



nmg 



WiT) = i 



1 

1 



W^iT)TaWiT)^u;a''n= " 



(0) 



(0) 



ujA-^ = -uj/ = 1, = Ta, 



T 



fi^-Tj, A = 2,5,7, / = 1,3,4,6,! 



as the realization of W{T) and the linkage relation (3.5a). We intend to return to this and related examples 
elsewhere. 
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which constrains the action W given the action w. Here (|3.5b|) , ( p.5c|) are equivalent forms 
of ( p. 5a] ), and we will refer to the equivalent forms in ( p.5c| ) as the if-invariance of the 



representation matrices T. 

The linkage relation tells us that W reduces to w 

W{K- T^^) = w{K), {Tf%' = -lU (3.6) 

when T is taken to be the adjoint representation. In this case, the linkage relation is 
equivalent to the if-symmetry of the structure constants / in ( p.2|) . One also finds that 

T'^'is) = sT^^js^^ — > iy(/i,;T"<^j(s)) = sw{K)s-' (3.7) 

for similarity-transformed versions of the adjoint representation. 

The linkage relation also gives us information about the orders p{a) and R{T, a) of 
w{hfj) and W{ha]T) respectively. These are the smallest integers which satisfy 

= 1, T)^(^'") = 1 (3.8a) 

RiT^'^^a) = p{a) . (3.8b) 
Using these definitions and the linkage relation, we find in general that 

[W{K-TY'^'^\Ta] = ^, = 1, ^eZ>o (3.9) 

so that -R(T, a) can be a positive multiple of p(o"). In what follows, we will often abbreviate 
R{a) = R{T,a). 



Taken together, the linkage relation, the normalization condition in ( 2.1b ) and the 
if-invariance (13.21) of Gnh tell us that the data matrix M 



W^{h^; T)M{k, T)W{h^; T) = M{k, T), \/ K ^ H C kni{g) (3.10) 

is also invariant under transformations in H. 

Finally, automorphic invariance of the Tg and Tg OPEs tells us that the conformal 
weight matrix Dg{T) is also invariant 

W{K- T)Dg{T)W\K- T) = Dg{T) . (3.11) 

According to ( |2.3c| ), this invariance also follows from the linkage relation and the invariance 
( p.3a| ) of the inverse inertia tensor. 



3.2 The Extended //-Eigenvalue Problem 

For the action w{hcr) of h^r & H in the adjoint, the H-eigenvalue problem 

w(Ma'f/H^)r('^^ = f/^(^)a"^'^^Kw(^), a = 0,... ,N,-1 (3.12a) 
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E„(^)(a) = e~^^'^), n(r) = n{r{a)) G Z (3.12b) 

i?n(r)±pw(fT) = f/t(a),"«±''M''^ = t/t(a)„"M'^ (3.12c) 

f/t(a)f/(a) = 1, U\0) = 1, E„(,)(0) = p(0) = 1 (3.12d) 

U{a)n{T)fi"'U\a)a^'''''^'' = 5n{r)^r^^^'' , ^n^At"'^'*'''^ = ^n{r)-n{s),Oraod p{a)5 (3.12e) 

n{r) = n{r) - p{<y)mi n(r) G {0, p(a) - 1} (3.12f) 



was defined and studied in Refs. and Here r = r{a) runs over the degenerate 

subspaces of the if-eigenvalue problem. The unitary eigenvector matrix f/^(cr) and the 
eigenvalues E{a) are periodic with period p{a) in the spectral index n{r), while /i = fi{r{a)) 
is a degeneracy index. The pull-backs n(r) are identified in Ref. |Q as the twist classes of 



the twisted currents of sector a, where ex = is the untwisted sector. 
Correspondingly, we define now the extended H-eigenvalue problem 

W^(/i.;T)/f/t(T,a)/M'^ = f/t(T, a)«^M^E;v(r)(T, a), a = 0, . . . , iV, - 1 (3.13a) 

Ej^(r){T, a) = e"^"*^, N{r) = N{T, r{a)) G Z (3.13b) 

i?7vw±fiM(T, a) = EN(r){T, a), U\T, a)^^ir)±Ri.),, ^ ^t(2^^ ^)^a.Mm (3.13^) 

U\T, a)U{T, a) = 1, U^{T, 0) = 1, EN{r){T, 0) = R{T, 0) = 1 (3.13d) 

U{T,a)N(^r)fj^"U^{T,a)a'^^''^'' = 5Ar(r)/i^^**'"', ^Nir)/!^^''^'' = ^ N (r) - N (s) ,0 mod R{a) S fj." (3.13e) 

Nir)=Nir)-R{a)[^\, iV(r) G {0, i?(a) - 1} (3.13f) 

W = U^EU, = U^E*U, E*E = 1 (3.13g) 

WU^ = U^E, UW = EU, U*W* = E*U*, UW^ = E*U, W^U^ = U^E* (3.13h) 

EiT, a)^(,)/(^)'^ = 5^(,)/(^)'^i?^(,)(T, a) (3.13i) 



for the action W{ha\ T) oi E H in matrix representation T. Here, the order -R(a) = 
R{T,a), the spectral index N{r) = N(T,r{a)) and the degeneracy index fj, = fj,{T,r{a)) 
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can all depend on T. The relations in (|3.13|) are alternate forms of the extended eigenvalue 
problem. 

Because of the linkage relation ( p.5|) , the two eigenvalue problems (|3.12|) and (|3.13|) are 
not independent. In particular, the extended problem includes the original problem as the 
special case when T = T^'^^: 

W{K-T'^^) = w{K), i?(T^'^V) = p((t), {T:^%'' = -zW (3.14a) 

EiT'^^ a) = E{a), N{r) = n(r), U^iT'^'^a) = U\(x) . (3.14b) 

Moreover, App. ^ remarks on a set of braid relations, induced by the linkage relation, among 
the quantities of the two eigenvalue problems. Solutions of the extended if-eigenvalue 
problem are discussed for general permutation groups and general groups of inner auto- 
morphisms in Sees. ^ and |TD| respectively. 

It is known ^ that the eigenvectors U^{cr) of the if-eigenvalue problem are 
Fourier basis elements with periodicity p{a) in the spectral index n{r), and similarly the 
eigenvectors U^{T,a) of the extended problem are Fourier basis elements with periodicity 
R{(j) = R{T,a) in the spectral index N{r). In what follows, all quantities inherit the 
periodicities 

N{r) — ^N{r)±R{a), n{r) — > n{r) ± p{(r) (3.15) 

in the spectral indices {n{r)}, {N{r)} of the if-eigenvalue problems. Since R{T,a) can be 
a multiple of p(o"), this means in particular that all the orbifold duality transformations of 
sector a are discrete Fourier transforms with fundamental period p(o"). 

We will also need the behavior of the eigenvalue problems under conjugation in H: 

w{K) — ^ v^{a)w{K)v{a), v^{a)v{a) = 1, v{a) E H (3.16a) 

U\a) — > v\a)U\a), U{a) — ^ U{a)v{a) (3.16b) 

v{a)a'v{a)b''G,d = Gab, v{a)M^VfdJv\a) / = fab' (3.16c) 

W{K; T) — > v\T, a)W{K; T)v{T, a), v^T, a)v{T, a) = 1, v{T, a) e H (3.16d) 

(T, a)U\T, a), U{T, a) — > U{T, a)v{T, a) (3.16e) 

v\T, a)Tav{T, a) = v{a)a'Tf, . (3.16f) 



The relations in ( |3.16c| ) follow from ( |3.2| ) because v{a) G H, and the first three relations 



in ( |3.16|) were given in Refs. ||3T| and [^. Taken together, the conjugation relations (|3.16| ) 



preserve the linkage relation ( p.5| ), and will allow us to check that all the orbifold duality 
transformations of this paper are class functions. 
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4 Eigenfields 

4.1 Eigencurrents and Eigenprimary Fields 



Following Refs. |^ and we define the eigencurrents J7'(cr), J{(j) and eigenprimary 
fields S(T, a) of sector a as follows 

Jn{:r)tJi{.Z,a) = x{<^)n{r)l^U{cr)n{r)^^''Ja{z), Jn{r) f,{z , Ct) = xW) n{r) {ct) n{7-) J a{.z) (4.1a) 



g(T, z, z, a) = U{T, a)g{T, z, z)\J\T, a) 



(4.1b) 



g(T, z,z,o] 



N{r)tM 



N(s)u 



UiT, a)jv(r)/^7(T, z, z, a)JU\T, ajp 



N{s)u 



(4.1c) 



(4.1d) 



where t/^ and W{T) are the eigenvector matrices respectively of the if-eigenvalue problem 
( p.l2| ) and its extension ( p.l3[ ). The quantities xlc), which satisfy the conventions in ( [4. Id] ), 
are otherwise arbitrary normalization constants. 

The responses of the eigenfields to elements of the automorphism group are 



Jnir)f,{z,ay = E„(^r){cr)Jn(r)i,{z,a) = 6 J'„(r)At (^, Ct) 



n{r) 



(4.2a) 



2iTi 



7i(r) 



Jn(rv(^, Cr)' = K(r) (o") X^mI^' (t) = 6 Jn{r)t^iz, Cr) 



(4.2b) 



g(T, z, z, a)' = E{T, a)g(T, z, z, a)E{T, a) 



(4.2c) 



(g(T, a)')^M/^^^^ = e-^(^(^)-^(^»g(T, aU^r)/^^> . 



(4.2d) 



The diagonal response of the eigencurrents is well known in the theory of current-algebraic 



orbifolds pT] , p2| , while the two-sided response of the eigenprimary fields is new. 

The next stage in the orbifold program is to rewrite all relations in the symmetric 
theory in terms of the corresponding eigenfields. This step gives rise to the orbifold duality 
transformations |3^ , which express the twisted tensors in the orbifold as discrete Fourier 
transforms of corresponding iJ-symmetric tensors in the symmetric theory. Moreover, the 



twisted tensors satisfy selection rules ^ which are dual to the if-symmetry of the 
original tensors. 

The case of the eigencurrent OPEs was worked out in Refs. and |^. Here one 
encounters the orbifold duality transformations from the metric G and structure constants 
/ to the twisted metric Q {a) and the twisted structure constants J^{(y) of sector a 



(4.3) 
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The explicit form of these duahty transformations is fST], |32 

'^n(r)+n(s),0 mod p{a)Gn(r)fi;—n{r),v(^^) 



(4.4a) 



(4.4b) 



(4.4c) 



C'n(r)+n(s),0 mod p{cr)fe' I 



(4.4d) 



6^"(^^'^^"(*^'(a)6;„(t)5;„(.).(a) = 



(4.4e) 



^n(r)^iMs>'^^^'^\^) = X(^T)„(^)^x(c^)„(s)i.X('^)„(j)5f^(o-)n(r)/.''f^(o-)n(s)i.Va6''^'^(0^)c"^*-''^ (4.4f) 



^n{r)+n{s)—n(t),0 mod p(a-)''n(r)fj,;n{s)u \^ ) 



(4.4g) 



-5S^(r)M;n(s)/^*^'^(fT) = unlcss n{r) + n{s) G {n{r)} 



(4.4h) 



The forms ( 4.4b ), ( 4.4d ) and ( [4.4g| ) are solutions to selection rules which are dual to the 
if-invariance of G and / in ( p.2| ). Twisted tensor indices can be lowered and raised with the 
twisted metric and its inverse, and the twisted structure constants with all indices down are 
totally antisymmetric. The twisted metric and twisted structure constants are also class 
functions ^ under conjugation in H 



giUia)viay, a) = G{U{<y)- a), J^{U{a)v{a)- a) = J^iUia); a) 



(4.5) 



according to Eqs. (|X^), ( PTTBD and (^). 



4.2 The Twisted Representation Matrices of Sector a 

We consider next the twisted representation matrices T, which are duality transformations 

T — >T(T,a) (4.6) 

from the untwisted representation matrices T . The explicit form of the twisted represen- 
tation matrices is 



r„(,)^(T, a) ^ x(a)„MMf^(^)n(r)/( f/(T, a)T„f/t(T, a) ) 



(4.7a) 



r„M^(T, a)^M/(^)'' = x(a)„(,),[/(a)„(,)/( f/(T, a)r„f/t(T, a) ) Nir),""^'^" (4.7b) 
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T„ = T,(T) = t/^(^)a"(^)^x(a);A)^( f/^T, a)T„(,)^(r, a)UiT, a) ) (4.7c) 



where we have noted the inverse T{T) in ( 4.7c|) . These objects appear for example in the 
OPEs of the eigencurrents with the eigenprimary fields 



(4.8a) 



Jnir),{z, a)g(r, w, w, a) = ^(Il^f!l^r„(,);.(T, a) + 0{z - wf (4.8b) 



z — w 



Jn{r)i,{z,a)9iT,w,w,a) = -T„(r)^(T,a 



^{T^w^ + 0{z - wr 

z — w 



(4.8c) 



and will play a central role in the orbifold dynamics below. Examples of T for specific 
orbifolds are found in Sees. ^ and |10| and in App. 0. 

The twisted representation matrices satisfy many important relations, including 



[%.{r)tJ.{T,(j), Tn(s)u{T,(j)] = iJ^n(r)^i-,n{s)v^^''^^'^^''^'\o-)Tn(r)+n(s),5{T , a) 



(4.9a) 



[r„(,)^(T,a),r„(,),(T,a)6;"W^^"W''(a)r„(i)5(T,cr)] = 



(4.9b) 



^„(,)/W^^"W^(a) = J-„(0M;n(.)."("^^(fx)6;'^(^)"^"W^(a) = -J-„(,)/W^;"W^(a) (4.9c) 

where Q{ct) and J^{(y) are the twisted metric and twisted structure constants of sector a in 
( [4.4| ). The Casimir property ( ^.9b| ) follows from ( [4.9a| ) because of the antisymmetry of the 
twisted structure constants in ( [4.9c|) 

The normalization condition for the twisted representation matrices 



Tr(A^(T,(T)r„(,)^(T,a)r„(,),(T,a)) = G 

'^n(r)+n(s),0 mod p((t) Qn{r)^;—n{r),iiiS^') 



(4.10a) 



(4.10b) 



[A^(r,a),r„(,)^(T,(T)] =0 



(4.10c) 



follows from (|2.1b| ),( p:.7a| ) and ([4.4a|) . Here we have encountered the twisted data matrix 
MiT.a) 



M — > M{M,a) 



(4.11a) 
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MiT,a) = MiT{T),a) = UiT,a)M{k,T)WiT,a) 



(4.11b) 



M-\T,a) = U{T,a)M-\k,T)U\T,a) 



(4.11c) 



ki 



I 'a 



(4.11d) 



which is the duahty transformation of the data matrix M in (|2.1| ). Other properties of the 
twisted data matrix include 



[MiT,a),9{r,z,z,a)]=0 



(4.12a) 



»r/ N / 27ri(iV(r')-iV(3)) - 

E{T,a)M{r,a)E{T,ay = M{r,a), A^(T, a)^(,)/WM 1 - e ) =0 



(4.12b) 



M{T,a)N(^r)f,'^^''^'' = SN{r)-N(s),Omod p{a)M{T,a)N(^r)fi^''''^'' ■ (4.12c) 

The A^-selection rule in ( 4.12b ) is dual to the //-invariance ( |3.1CI| ) of the data matrix M, 



and the solution of this selection rule is given in ( [4.12c|) . The twisted data matrix is also a 
class function 



M{U{T, a)v{T, a); a) = M{U{T, a); a) 

according to Eqs. (|3:T0| ), ( CT ) and (pTEl) . 

The twisted representation matrices also satisfy the selection rules 

Tn(r)^l(T, a) = En{r){cry{E(T, (TyTn(r)f,(T, (t)E(T, a) ) 



(4.13) 



(4.14a) 



,T/,\c- o -/^C^) , N(s) — N(t)\ 

r„(.),(T,a)^(,).^W^(l - e^^^(i^+^i^)) = 



(4.14b) 



Tn(r)^,{T,a) = En(r)i(^){ E{T, a)Tn(r)f,iT, a)E{T, ay 



(4.14c) 



r„(.),(T,a)^(.).^W^(l - e-^-^(^+^^)) 



(4.14d) 



These selection rules are dual to the linkage relation (|3.5|) and in particular to the forms 
( p.5c| ) of the if-invariance of the representation matrices T. To see this, insert the forms 
( p.5c|) into the duality transformation (|4.7a| ) and use both eigenvalue problems ( p.l3| ) and 
(^.12|). The useful intermediate relations 



T,(f/) = w^{h^)a''E{T, ayn{U)E{T, a) = w{K)JE{T, a)n{U)E{T, a)* (4.15a) 
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Ta{U) = U{T, a)TaU\T, a) (4.15b) 

follow from (|3.5c| ) and the extended if-eigenvalue problem ( |3.13 ) alone. 

The two sets of selection rules in ( |4.14| ) are equivalent, and the solution of the selection 



rules is the "Wigner-Eckart" relation 

T (T rT\ N{t)& _ r 

^n{r)ti\-L , 0)N{s)v — OflM„(r)+Ar(s)-Af(t),0 mod i?(<T) 



Pi") 



,.r.M^(T,a)^(,)/(^)+^"(^)'^ (4.16a) 



r„M^(T, a)^(,)/(^)+f^"(^)'' = unless N{s) + ^n(r) G {iV(r)} (4.16b) 



5r 



^n(r)+N{s)~N{t)fi^oAR{a) " ^n(r)+^{JV(s)-7V(i)),0 modp(a) " ^^ + M£yM ,o mod 1 " (4-16c) 



The Kronecker delta in ([4.16a|) can be replaced by either of the equivalent forms in ([4.16c|) . 
We remark that 

[i5;(r,a)^(-), T„(,)^(r,a)]=o (4.17) 

follows from ( [4.16a| ) or ( p.9|) and the extended if-eigenvalue problem. 

The twisted representation matrices are also class functions under conjugation in H 

T{U{a)v{a), U{T, a)v{T, a)-a) = T{U{a), U{T, a)- a) (4.18) 



according to ( |3.16| ), ( ^.7| ) and the linkage relation ( p.5| ). More generally, all the duality 
transformations of this paper are class functions, although we will not mention this explic- 
itly below. 



4.3 Other Duality Transformations 

The affine-Sugawara stress tensors T{z) and T{z) can easily be rewritten in terms of the 
eigencurrents 

T{,Z) = J]£^{;J'''~"^''^'''(a) : X(r)M(^,Or)^-n(r),i.(^,C^) : 



r,fj,,u 



c 



n{r)fi;—n{r),u . 



0") : Jn{r)tJi{.Z,a)J_n{r),u{.Z,a) : 



(4.19a) 



(cr) : Jn{r)f,{z,a)J^n(^r),u{z,a) : 



(4.19b) 



^9 ' >^0(<t)(c^) 



(4.19c) 



2(r)^'^^ 'n{s)v g 
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C)n(r)+n(s),Omodp(a)>t-g(^) (0") (4.19ej 



^nMM;n(s).^^^ = ^^^'^^"(^^'^(a) (4.19f) 



where £g(o-)(o") is the duahty transformation called the twisted inverse inertia tensor 
31], ^ B^l of sector cr. 



We also find the Tg and Tg OPEs 

r(2;)g(T, w, w, a) = --^ \ g(T, w, w, a) + 0{z - wj" (4.20a) 

[z — wY z — w 

f{z)9{T, w, w, a) = (P^^^ + g(T, w, w, a) + 0{z - . (4.20b) 

\[z — wY z — w J 

Here we have encountered the twisted conformal weight matrix ^^g(o-) {T) 

D,(T)^Pg(.)(T) (4.21a) 

I?g(.)(T) = U{T, a)D,{T)U\T, a) = /:^;:]^^-"('-)''^r„M^(T, a)r_„M,,(T, a) (4.21b) 



which is the duality transformation of the conformal weight matrix in ( p.Scf ). The twisted 
conformal weight matrix satisfies the selection rule 

^0(o-)(^)jV(f)M^^''''^ = ^N{r)-N{s),Omod R{a-)T^Q{a){T)N<^r)/^^^''^'' (4.22) 



which is dual to the invariance ( p. 11 ) of the conformal weight matrix. 



This completes the set of duality transformations that we will need to describe the 
WZW orbifolds in this paper. We finally note that all these twisted objects reduce to their 
original untwisted counterparts 

^(0) = G, ^(0) = /, /:g(o)(0) = L3 (4.23a) 

r(T, 0) = T, MiT, 0) = M(T), Pg(o)(r) = D^{T) (4.23b) 
in the untwisted sector cr = of each orbifold. 

5 The General WZW Orbifold Ag{H)/H 
5.1 Local Isomorphisms and Monodromies 

To go from the symmetric theory Ag{H) in the eigenfield basis to sector a of the WZW 
orbifold Ag{H)/H, we apply the principle of local isomorphisms ^ |3^, This 
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principle tells us to replace all eigenfields by corresponding twisted operators with definite 
monodromy, 

Jn{r)f,{z,a),Jn(^r)f,{z,(r) ^ Jn{r)f,{z , a) , J n(r)^l{z , a) (5.1a) 



9{T,z,z,a) — >g{T,z,z,a) (5.1b) 

where J{<j), J{<j) are the twisted left and right mover currents and g(T, z, z, a) is the twisted 
affine primary field corresponding to the twisted representation matrix T = T{T,a). By 
local isomorphisms from ( [4.12a| ) the twisted affine primary fields satisfy 

[M{r,a),g{T,z,z,a)] = (5.2) 

and all the twisted operators inherit the periodicities 

Jn{r)±p{a),tiiz,a) = Jn{r)n{,Z , a) , J n{r)±p{cj),ii{.Z , a) = J n{r) fii^ , (t) (5.3a) 

^(T, z, z, cr);vw±KW,/^^^^ = 9ir, -z, z, cr);vM/^^^^''^'^^''^ = ^(^, ^, ^, ^)iV(r)/(^)'^ (5.3b) 

of the spectral indices {nirW and {A^(r)}. 

For the twisted currents, the principle of local isomorphisms tells us to take the mon- 
odromies to be the old automorphic responses 



Jn{r)i,{ze^'"\ O) = En(r){or)Jn(r)p{z, a) = 6 ^"^^W Jn(r)piz, Cj) (5.4a) 



n(r) 



Jn{r)p{ze ^''\a) = En{r){(y)Jn{r)p{z,(T) = 6 '^'''^ J nir) p{z , a) . (5.4b) 



The rule ( ^.4a|) was verified for the twisted left mover currents in Refs. pi] , |3^ and the rule 



( ^.4b|) says that the same monodromies are obtained for the twisted right mover currents 
when the same path is followed for z and z = z*. That this is the correct rule for the right 
mover currents can be argued both at the level of characters (see Subsec. p^) and at the 
classical level (see Subsec. p. 7] ) where it is understood as a consequence of locality. 

Using ( |4.19|) and the local isomorphisms, we obtain the orbifold stress tensors 

T{z) f^{z) , f{z) f„{z) (5.5a) 



TJz) = C 



n{r)ii;—n{r),u 



(cr) : Jn(r)fi{z, a)J-n{r),u{z, a) 



fJz) = C 



n{r)p]—n{r),v . 



0") : Jn{r)ii{z,a)J . 



-n{r),u 



z,a 



(5.5b) 
(5.5c) 
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T,(ze2-) = T^{z), T,(ze-2-) = f^{z) (5.5d) 
which are the twisted ajfine- Sugawara constructions [23, pTl [33] of sector a. Here, 



£g(o-)((j) is the twisted inverse inertia tensor ( |4.19d| ) of the twisted affine- Sugawara con- 



struction and : ■ : is OPE normal ordering ||3J, |3l|, |35|, ^ of the twisted currents. 



The monodromies of the twisted primary fields g{T, z, z, a) are quite complicated be- 
cause the monodromies of the untwisted affine primary fields are complicated (see e.g. 
Ref. The monodromies of g{T,z,z,a) are however determined in principle by the 

twisted KZ equations discussed below. On the other hand, the monodromies of the classi- 
cal limit of the affine primary fields (the WZW group elements) are trivial, so the classical 
monodromies of the classical limit of the twisted affine primary fields (the group orbifold 
elements) are easily deduced from the local isomorphisms (see Subsec. |^ ). 

5.2 WZW Orbifold OPEs 

For sector a of the general WZW orbifold Ag{H)/H, we then obtain the twisted current- 
current system 

T I \ T ( \ ^n(r)+ra(s),0modp{(7)^n{r)/i;-n(r),z/(c") Ir r \ 

Jn{r),^{z,a}Jn{s)Aw,a) = (5.6a) 

[z — wy 



Z — W 



+ 0{z-wf 



J (7^ „\1 („-7, „\ ^n{r)+n{s)fivaoAp{a)Qn{r)ii;-n{r),v[p^ ,^ „, x 

Jn(r)ii{Z,a)Jn(3)y[W,a) = — — (5.bb) 

[z — wy 

, ^^n(r)A»;n(s)i."^''-''^''*^''-''^(cr)^n(r)+n(s),5(w:',0-) , _,o 

H — — — — — — h U(z — w) 

Z — W 

Jn{r)t^iz, a)Jn{r),,{w, a) = rcgukr (5.6c) 

by local isomorphisms from the corresponding OPEs of the eigencurrents. Here G{cr) 
and J^(o") are respectively the twisted metric and the twisted structure constants given 
in Eq. dJ) . 



The twisted affine- Sugawara constructions T„ and satisfy the OPEs of Vir©Vir, as 
expected, with central charges 

c(a) = g(a) = 2^„(,)^;_„(,),,(a)/:jjj^^-"(^)''^(a) = 2G,,Lf = c„ a = 0, . . . , iV, - 1 

(5.7) 

which are equal to the untwisted affine-Sugawara central charge Cg. Moreover, we find from 
(g3|), (|23^ ), (|3|) the OPEs 



f^{z)Jn(r)f,{w, a) = ( ^—-r + ) Jn{r)tM{w, 0") + 0{z - wf (5.8a) 
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T^{z)Jn(r)f,{w,a) 



1 ^ 



{z — wY z — w 



,T,^o 



Jn(r)t,{w,a) + 0{Z - W) 



(5.8b) 



T„{z)Jn(r)fM{w,(r) = T^{z)Jn(r)i,{w,a) = regular 

of the twisted affine-Sugawara constructions with the twisted currents. 

For the OPEs involving the twisted affine primary fields g{T, z, z, a), we obtain 

Jn{r)i,{z, cr)g{T, w, w, a) = Tn(r)i,{T, a) + 0[z - w) 



(5.8c) 



z — w 



(5.9a) 



Jnir)f,{z, (T)g{T, w, w, a) = -Tn(r)i,{T, d) — h 0{z - w) 



z — w 



(5.9b) 



T„[z)g{T, w, w, a) = — — h - — -g{T, w, w, a) + 0{z - w)" (5.9c) 



{z — wy 



z — w 



Ta{z)g{T,w,w,a) 



[z — w)^ z — w 



g{T,w,w,a) + 0{z-wf 



(5.9d) 



where T(T, a) and "^0(0-) (T) are respectively the twisted representation matrices and twisted 
conformal weight matrices of sector a. 



The local isomorphisms also give the twisted vertex operator equations 
dg{T,z,z,a) =2Cl^f''''''''^'''{a) : Jn{r)f,{z,a)g{T,z,z,a)T_n(r),u{T,(^) ■ 



(5.10a) 



dg{T, z, z, a) = -2/:^f^j''' "^''^'''((t) : J„(r.)^(z, cr)T_„(^),^(T, cx)g{T, z, z, a) : (5.10b) 



from the untwisted vertex operator equations (|2.9|) . The normal ordering here is also OPE 



normal ordering |3^, These world-sheet differential equations for the twisted 

affine primary fields are the WZW orbifold operator equations of motion, and they will be 
central in the derivation of the twisted KZ equations below. 



5.3 Mode Form of the General WZW Orbifold Algebra 



Using the monodromies ( ^.4|) and (|5.5d|) we find the mode relations: 



J, 



n(r)^\.Z, 



z,a 



(5.11a) 



n(r) ^ 



(5.11b) 
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(5.11c) 



(5. lid) 



-m-2 



-m-2 



(5. lie) 



The periodicity of the twisted current modes in ( p. 11c ), ( 5. lid ) follows from the periodicity 
( ^■3a| ) of the twisted currents. 

Then the orbifold OPEs give the general twisted current algebra 

+ ^), J„(.).(n + ^)] = ^^„w,;n(s)/(^)+"(^)''(a)4(.)+„(.),.(m + n + ^^MgW) 

(5.12a) 



['^nM/.l^ + >n(.).(n + ^)] = ^^n(.V;n(s)."(''^+"(^)''(0^) JnW+n(s),5(m + ^ + ^ 



^ ' p{o-) ' 



n(r)+n(s) \ 

(5.12b) 



+ -^"W-l^ + ^)] = 0' m, n G Z , a = 0, . . . , iV, - 1 (5.12c) 



in each sector a of all WZW orbifolds Ag{H)/H. The general twisted current algebra ( |5.12| ) 
is a central result of this paper. 



We have checked that the orbifold adjoint |32[ of the twisted currents 



"'^('^^'^(a)J-„(.),.(-m 



n{r) •■ 



(5.13a) 



Jni^r)M + ^)t = $^7^„(,),-"('■)'^(a) J_„(,),.(-m - ^) (5.13b) 



defines a real form of the general twisted current algebra (|5.12|) . Here, Ti is the orbifold 



conjugation matrix of Ref. [32 



The integral affine subalgebra of the general twisted current algebra ( ^.121) is 



(5.14a) 



[Jo^l{m), Jou{n)] = iTQ^fiJ^\a)jQs{m + n) - m8m+nfiQQ^ifiu{(y) (5.14b) 
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[JomM,^o.(0)] = . (5.14c) 

We also note the Lie subalgebra 

[^(0), JoM] = «^om;0.°'(c^)^(0), [Jom(O), Jo.(0)] = ^^0M;0.°'(a)^05(0) (5.15a) 

[ioM(0),X.(0)] = (5.15b) 

generated by the zero modes of the integral affine subalgebra. It is expected (see Sees. H 
and |10|) that these zero modes contribute to the residual symmetry in each sector a of each 
WZW orbifold Ag{H)/H. Further discussion of the general twisted current algebra is found 
in the following subsection, and special cases are worked out in Sees. |^ and IC . 

The twisted affine- Sugawar a generators Lo-(m), L^^m) satisfy the algebra of Vir©Vir, 
and we also find the commutators 

[L^{m), Jn{r)t,{z, a)] = z'^{zd + (m + 1)) J„(^)^(2;, a) (5.16a) 
[L^(m), J„(r)A*(^, o-)] = ^"(^(9 + (m + 1)) J„(rv(^, cr) (5.16b) 

[L^(m), Jn{r)i,{z, Cr)] = [La{m), Jn{^r)ti{z, Cr)] = (5.16c) 

[LM). UU^ + 18)] = -(^ + ?S)4M,(n + m + ^) (5.16d) 
[L^(m), Jnir)^^{n + ^)] = (n + ^) J„(rv(^ -m + ^) (5.16e) 

[Um), XirUn + ^)] = [Z.(m), J„(,),(n + ^)] = (5.16f) 

for the Virasoro generators with the twisted currents. 

Finally, we also obtain the commutators with the twisted affine primary fields 

n(r) 



[Jn{r)t,{m + ^), ^(T, z, z, a)] = g{T, z, z, a)7;(^)^(T, a)z"'^/'M (5.17a) 

, n(r) 

[Jn(r),{m + ^),g{T, z, z, a)] = V„(,)^(T, a)g{T, z, z, a) (5.17b) 

[L,(m), ^(T, ^, z, a)] = g{T, z, z, a)Cd z + (m + l)V~,(,){T))z'^ (5.17c) 

[Z.(m), ^(T, ^, ^, a)] = z^{zd + (m + l)Pg(.)(r))^(r, ^, ^, a) (5.17d) 
and we have checked all Jacobi identities among the commutators (|5.12|) , ( ^.16|) and (|5.17|) . 
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5.4 Identification of the General Twisted Current Algebra 



In this subsection, we discuss the form of the general twisted current algebra ( |5.12|) . 

The general twisted left mover current algebra ( p. 12a] ) was called g{a) = g{H C 
Ant{g);a) in Refs. and The twisted right mover algebra in ( ^.12b|) appears 

for the first time in this paper. The twisted right mover algebra has the same form as the 
twisted left mover algebra, but with the opposite sign of the central term. Both algebras 
are consistent with the Jacobi identity |3^, since the and Q terms satisfy the identity 
separately. We will find it convenient to refer to the general twisted current algebra ( |5.12| ) 
as 



(5.18a) 



q{K) = siH C Ant{g); K) = g{H C Aut((7); a) (5.18b) 

and more generally to follow the convention a ^ h^r in the discussion below. 

In fact the twisted right mover algebra of sector a is not a new algebra. To understand 
this, consider first the mode-number reversed form of this algebra 



R 



-_R 



-_R 



[■Jnir),im+^), J„(^)^(n+f))] = -M-(«).^(a) J„(,)^„(,),,(m+n+^^(^ 



'^m+n+"<''^+"<°',0 ^-n(r),M;n(r),!/(0") 



(5.19a) 



which exhibits the correct sign of the central term. 



(5.19b) 



We claim that the algebra ( |5.19|) is isomorphic to the twisted left mover current algebra 
of the sector corresponding to h^^ G H 

UK) ^ d{h-') . (5.20) 
To see this, one needs to compare the corresponding forms of the if-eigenvalue problem 



w{h-')=w\h^), p{h-')=p{K) 



(5.21a) 



w{K)U\K) = U\K)En^r){K) 

where we used (|3.13| ) to obtain ( |5.21c|) . This allows us to choose 



(5.21b) 
(5.21c) 

(5.22) 
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and then the duahty transformations for Q{cr) and J^(cr) in ([4.4| ) imply that 

G n{r) ^■,n{s)vij^ a ) Q—n{r),^\—n{s),uiJ^a)i n{r)fi;n{s)i/ ^ ^ (^ct ) '^—Ti(r),fi;—n{s),u ^ ^ (^f) 

(5.23a) 



+("^ + S)'^m+„+!lM±!l(£) oGn{r)t,;-n{r)AK^) (5.23b) 

^ ' p{(t) ' 



which estabhshes the claim. This argument identifies the general twisted current algebra 
( CT ) as 



affine(g © g) — > q{K) © g(h,) ^ g(h,) © g(h;i) (5.24) 

in sector a of Ag(H)/H. 

Although the form ( p . 1 2| ) of the general twisted current algebra is new, it is important 



to note that this form is in fact consistent with what is known about partition functions 
and characters of general orbifolds E^. The point is that when one sees 



z = J2\x^{q,(r)\' (5.25) 

in the literature, it is supposed to be read as 

Z = J^Xi(9,o-)Xiv(g,o-) (5.26) 

where denotes the charge conjugate field of i. Moreover, it is known that when z is a 
representation in the sector twisted by h^r then is a representation in the sector twisted 
by (so that the two sectors can combine to the identity). Thus, in our notation, what 
is required by ( p.26| ) 

Z = J2x^{q,K)x^A<l,h-') (5.27) 

is in precise agreement with the identification Q{ha) (B Q{h^^) of the general twisted current 
algebra ( |5.12| ). 



We also point out that the general twisted current algebra (|5.12|) guarantees the con- 
sistency of the equations for general twisted boundary states 

[jnirUm + ^) + Jn(r)M + ^)) \B) ^ = 0, a = 0, . . . , iV, - 1 (5.28) 

because the sum of the twisted left and right mover currents has no central term. 
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5.5 The Rectification Problem 



The identification (|5.24| ) of the general twisted current algebra leaves open the question of 
when the twisted right and left mover current algebras are copies 

QiK') - Q{h.) (5.29) 

which we call the rectification problem. 

In a simpler example, we find for all constants 6 {a) that the further redefinition 



(5.30a) 



[LAm\ t^r)M + ^)] = -{n + + m + ^) (5.30b) 



n(r) \ (m— ^^ifcr-) — 1 



(5.30c) 



rectifies the right mover commutator (|5.16e|) into a copy ( |5.30b|) of the left mover com- 
mutator (|5.16d|) . In the language of Refs. ||3^, the commutators ( ^.16d|) and (^.30b| ) 

-tt 

identify the currents J and J 



n(r) 



(5.31a) 



n(r) , 



'n(r)/.l^>f^) = Yjn{r)t,im+^)Z ^ = ((x) J_„(^),^ (z, (x) (5.31b) 



mG2 



z — wr z — w 



(5.31c) 



-2m 



. n{r) 



Jn(rV(^e'") = e ^J„(.)m(^), ^„(r)M(^e ) 



(5.31d) 



as twisted (1,0) and twisted (0,1) operators respectively under the left and right mover 
twisted affine-Sugawara constructions. 

For the current algebra itself, the rectification problem may be trivially solved by ^(0) = 
1 in the untwisted sector cr = of any orbifold 

f/(0) = 1, ^(0) = G, J^(0) = /, Jim) = Jim), j\m) = J{-m) (5.32a) 



[Ja{m), Jt,{n)] = ifab^Jcim + n) + mGabSm+n,0 



(5.32b) 
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[J«(m), j;(n)] = 2/afeVj(m + n) + mGabSm+n,o (5.32c) 
[J,(m), jJH] = (5.32d) 

because = /iq^ = 1. 

So far as the general twisted current algebra is concerned, the situation does not seem 
so simple: We shall find for the permutation orbifolds (see Subsecs. |7]^, and fTsP and 



the inner-automorphic orbifolds (see Subsec. p.0.1| ) that it is possible for all a to choose the 



constants 6{a) to rectify the right mover algebra g{h~^) into a copy g(/z.o-) of the left mover 
algebra. However (see also App. P), we do not have a proof that such rectification can be 
extended across all twisted right mover algebras Q{h^^). 

5.6 Orbifold Correlators and 1/^(0), L^{0) Ward Identities 

For all WZW orbifolds Ag{H)/H, the correlators of the twisted primary fields are 

A{a) = A^{T, z, z) = .(0|^(r«, zu ^1, a) ■ ■ ■ ^(T^^^, z^, z^, a)\0)^ (5.33) 

= (^C^^^^ zi, zi, a)--- giT^^\ zn, zn, a))^ 
and in what follows, we use the notation^ 

T^^'\z^,z^, fi = l...N : [T^'^^T^^)] = when /i ^ z/ (5.34) 

for the coordinates and twisted representation matrices. In ( ^.33| ), the ground state |0)o- 
(or twist field stateQ) of sector a is primary under Vir©Vir 

L,(m > 0)|0), = 5^,oAo(a)|0), , L,(m > 0)|0), = 5^,oAo(^t)|0), (5.35a) 

a{0\L^im < 0) = ^{0\Ao{cj)5m,o , a{0\U{m < 0) = ,(0|Ao(a)5„,o . (5.35b) 
Using ( FTTcD , (IsTrdl ), this gives the L<,(0), Z^(0) Ward identities 

N N 

A{a) ^ (X^, + P6H(r(^))) =0, Yl i^'^^^ + M^) = (5.36) 



where Pg(a-)(T^'^)) is the twisted conformal weight matrix ( [4.21|) of twisted representation 



T^^\ Other Ward identities exist which are associated to the Lie subalgebra ( |5.15| ) and 
other subalgebras of the general twisted current algebra, and we discuss these on a case by 
case basis below. We also note that many orbifolds have other Ward identities associated 



to extended Virasoro algebras (see Ref.||33[) but we will not study these here. 



■'■^The distinct ion b etween these Greek letters and those of the degeneracy indices will be clear in context. 
^^As seen in ( ^.35 ), twist field states \0)a = To-(0)|0) are not in general Sl{2) Sl{2) invariant so that 



translation invariance is lost 133(1 in the twisted sectors. 
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5.7 The Classical Theory of WZW Orbifolds 

We finally consider the corresponding classical theory of all WZW orbifolds, where we find 
that locality dictates the monodromies (|5.4|) of the twisted right and left mover currents. 

In the classical WZW model on semisimple g, we know that the matrix currents have 
the local form 

J(T, z) = Ja{z)G'''T, oc g-\T, z, z)dg{T, z, z) (5.37a) 
J(T, z) = Ja{z)G''''Tb oc g{T, z, z)dg-\T, z, z) (5.37b) 

g\T,z,z)g{T,z,z) = 1, dJ{T, z) = dJ{T,z) = (5.37c) 

where g{T,z,z) is the group element in matrix irrep T. We note in particular that the 
linkage relation (|3.5| ) guarantees that an if-transformation of a group element is still a 
group element 

g{T, z, z) = e'"^^^''^^- (5.38a) 
g{T, z, z)' = W{K- T)g{T, z, z)W\K- T) = ^^li-k^^^)^^h^-^T)T^^'ih^,T) ^ ^^p^i,,.yT^ ^^^gg^^ 

I3\z,z)' = l3\-z,z)w\Ky (5.38c) 
where the linkage relation in the form ( |3.5b| ) was used to obtain the final form. 



The group elements g{T^ z^ z) are the classical limit of the affine primary fields, so 



following ( ^.Ib ), we define the eigengroup elements in terms of the group elements as 



g(r, z, z, a) = f/(T, a)g{T, z, z)U\T, a) = e^fa"('-'"(2.-.-)^nMM(r.-) (5.39a) 

St(r, z, z, aUT, z, z, a) = 1, b"«'^(z, z, a) = xi^)-^), z) U\a),<^^^ (5.39b) 

g(r, z, z, a)' = EiT, a)g(r, z, z, a)E{T, a)*, b"M'^(z, z, a)' = b"M^(^, z, a)E„M(a)* 

(5.39c) 



where {b"(^)^} are the tangent space eigencoordinates. With the selection rules ( [4.14| ) of 



the twisted representation matrices T, the equivalence of the automorphic responses in 
( ^.39cD is easily checked to all orders in b. 



Then by local isomorphisms we obtain the classical twisted matrix currents and the 
classical group orbifold elements g{T, z, z, a) 

Jn{r)^l{z,(r) — > Jn{r)^,{z,a), Jn{r)^,{z,cr) > Jn(r)fM{z,a) (5.40a) 
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9{T,z,z,a) — >g{T,z,z,a), S {T,z,z,a) — >g {T,z,z,a) 



(5.40b) 



J(r, z, a) = Xir)f.{z, a)e;"('^)'^^-"('-)''^(a)T_„(,),,(T, a) oc g-\r, z, z, a)dg{T, z, a) 

(5.40c) 



J(T, z, a) = J„Mm(^> a)6;'^M'^^-"M''^(a)T_„(,),,(T, a) oc g{T , z, z, a)dg-\T, z, z, a) 



(5.40d) 
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\T, z, z, a)g{T, z, z, a) = 1, dJ{T, z, a) = dJ{T, z,a) = . 



(5.40e) 



The group orbifold elements are the classical limit of the twisted affine primary fields. 
Because the classical group elements have trivial monodromy, the local isomorphisms also 
give the classical monodromies of the group orbifold elements 



g{T, ze-'^\ ze'^\ a) = E{T, a)g{r, z, z, a)E{T, a)' 



(5.41a) 



»T/ ^ r, ■N<r) — N<s) , 

Nir)/^'^" = e-'^^'^i^giT, z, z, a)^^r)/^^> 



(5.41b) 



N(r)~N(s) 

g-\r, -ze-'-\ ze^-\ cr)^(,)/W^ = e-^'^^^^r'(T, z, z, a)^(,)/W^ (5.41c) 



as the old automorphic responses ( |5.39c| ) of the eigengroup elements. 

Using local isomorphisms also for the tangent space eigencoordinates, the group orbifold 
elements can be considered as the exponentiation of the Lie algebra ( ^.9a| ) of the twisted 
representation matrices 



(5.42a) 



(5.42b) 



n(r) 



(5.42c) 



where the quantities {(3"^^^^} are called the twisted tangent space coordinates. The selection 
rules ( |4.14| ) for T are again necessary to check the consistency of the monodromies ( |5.42c| ) 



and ( |5.41b|) . We also note that the multiplication law 

g3{T, z, z, a) = gi{T, z, z, (j)g2{T , z, z, a) 



(5.43a) 



/33(^, z, a) = pi{z, z, a) + p2{z, z, a) + 0{p^) 



(5.43b) 
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^,(r, ze-'^\ ze'-\ a) = E{T, a)^,(T, z, z, a)E{T, a) 



i = 1,2,3 



(5.43c) 



preserves the monodromies of the group orbifold elements. 

We turn now to the monodromies of the twisted currents. These are easily obtained as 
above by local isomorphisms, but we wish to study these monodromies as they are dictated 
by the /oca/ relations (|5.40cD , ( |5.40d|) in the classical theory. Using these relations and the 
monodromies ( |5.41| ) of the group orbifold elements, we find that the monodromies of the 
twisted matrix currents are the same 



JiT^ze'^^'^a 



'N{r)fj. 



N{s)u 



„ ■N(r)-N(s) ^ ... , 



(5.44a) 



JIT 27ri „\ N{s)u 



r, .N(r)-N(s) ^_ 

e-2-^J(^j(T,^,a 



when the same path is followed for z and z 
the twisted representation matrices 



N(r)^ - (5.44b) 

z*. Moreover, the selection rule ( |4.14d| ) for 



-2m 



'^n- (T \ N(t)5 (rj, N N(t)5 -27Ti "'"'"' 

shows that the monodromies ( p. 441 ) are equivalent to the monodromies 



; N(s)-N(t) 



(5.45) 



9 / 2m 



a) = e /'W J„(^)^(2;,ct), 



-2m 



n(r) 



P('^^Jnir),{^,CT) (5.46) 



of the twisted currents J„(r)^, Jn(r)^i- As promised in Subsec. |0|: The classical monodromies 
( ^.46| ), which followed from the local classical relations ( ^.40c|) and (|5.40d|) , are in agreement 
with the quantum monodromies ( p.4| ) of the twisted currents. 

We can also obtain the corresponding set of WZW orbifold actions as follows. The 



general WZW action [p7| , pq] for semisimple g on the cylinder (t, S,) with < ^ < 27r is 



5' 



WZW 



[M, 



57r 



j cPi TT{Mik,T) g-\T)d+g{T) g-\T)d.g{T)) (5.47a) 
! TT{M{k,T) {g-\T)dg{T)f ), d'i ^ dtdi 



{g-'dgf = dtdidp e^'^'^ig-'dAg^g-'dBgng-'dcg), {A,B,C} = {t,^,p} (5.47b) 



g{T) = g{T,U), d± = dt±d^ (5.47c) 

where e*^'' = 1, M{k,T) is the data matrix in (|2.1| ) and g{T) in the solid cylinder F is also 
a function of p. This form of the action provides a convenient packaging for the expected 
sum over the simple components of g, 

^ /?"^ (5.48a) 
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gin 



(5.48b) 



(5.48c) 



where we have used ( p.2e| ), ( p.21| ) and ( p.38a| ). The automorphic responses of the group 
elements on the cyhnder are given by (|5.38|) with {z,z) {^,t), so we find that the H- 
invariance of the general WZW action 

Sy,zw[M,g'] = Swzw[M,g], g{T,U)' = W{h^-T)g{T,U)W\K;T) (5.49) 



is guaranteed by the i7-invariance ( p.lQ|) of the data matrix. 

Eigengroup elements on the cylinder are also defined as in ( ^.391) with {z, z) 
Then local isomorphisms give the general WZW orbifold action 

^wzw[^,S] = Swzw[M,gi3)] S^[M,g] 



-(e,t). 

(5.50a) 



S4M,g] = -^ J d'^TT{MiT,a) g-\T,a)d+giT,a) g-\T,a)d^giT,a)) (5.50b) 



12n 



TT{M{T,a){g-\T,a)dg{T,a 



a = 0, . . . , iV, - 1 



{g-'dgf = dtdidp e^''''{g-'dAg){g~'dBg){g-'dcg), {A,B,C} = {t,^,p} (5.50c) 



g^iT,^,t,a)g{T,^,t,a) = 1 



(5.50d) 



^(r,e + 27r,t,a);vw/^'^'^ = e-'""'^^ giT.^^t^a)^^^),^'^'' (5.50e) 

N(r) — N(s) 

g-\T,^ + 2n,t,a)^^r)/^^^-' = e''^'^^ g-\T,^,t,a)^^r),''^^> (5.50f) 
S^[M{r,a),g{r,^ + 2n,t,a)] = S^[M{T,a), g{r,U,(r)] (5.50g) 

for sector a of each WZW orbifold Ag{H)/H. Here, g{T,a) = g(T,C,,t,(7) is the group 
orbifold element on the cylindeiQ, the orbifold trace Tr is defined in ( ^.10b| ) and the quantity 
M.{T, a) is the twisted data matrix in (|4.11b|) . The trivial monodromy ( |5.50g|) of the WZW 



"i-^The automorphic response of the group element g and hence the ^-monodromy of g is the same when 
the group orbifold elements are extended to the solid cylinder F. 



32 



orbifold action follows from the monodromies (|5.50e| ), (|5.50fD of the group orbifold elements 
and the selection rule ( |4.12b| ) of the twisted data matrix. 

Because the twisted data matrix is also invertible and commutes with g[T,a) (see 
Eqs. ( |4.11cD and ( |5.2| )), the equations of motion of this action 



(5.51a) 



(5.51b) 



a_J(T,e,t,a) = 9+J(T,e,t,a) = 



(5.51c) 



are equivalent to those found on the sphere in (|5.37c| ). Moreover, following the development 
on the sphere, one finds the additional monodromies on the cylinder 



. n(r) 



KT, e, t, a) = e^/3"('>(5,t-)T„(.)^(T,<x)^ /3"M^(e + 2tt, t, a) = ^("^'^(e, t, cr)e'"V{-) (5.52a) 



Jn(r)ti{i + 27r, t,a) = e Jn(r)/.(C, t, Ct), Jn{r)^i{^ + SvT, t,a) = 6 P^"^ Jn(r)fi{i, t, (t) 



(5.52b) 



which are also equivalent to those found on the sphere. 



Further remarks on the classical theory of WZW orbifolds are found in Subsecs. 7.5 and 



10.6 



6 Mode Normal Ordering 
6.1 Exact Operator Products 



In this subsection, we introduce a mode normal ordering |^ to discuss exact operator 
products of the twisted currents with themselves and with the twisted affine primary fields. 



Moreover, we will follow the usual right-left mover factorization 

g{T, z, z, a) = g_{T, z, a)g+iT , z, a) 



(6.1a) 



[Jnir),{m+^)rg^{r,z,a)] = Q 



[U),{m + ^)rg-{rrz.cj)] = Q 



(6.1b) 
(6.1c) 
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dg+{T, z, a) = 2£^[^j^' "^''^'''((j) : Jn(r)„{z, a)g+{T, z, a)T_n{r),u ■ (6. Id) 

dg_{T, -z, a) = -2£jg'^^-"^'-)'''(a) : J„(0^(^, a)T_^^r),.9-{r . z. a) : (6.1e) 

A{a) = i_((7)i+((7) (6.1f) 

= (^H-(r«,^i,<7)...^+(TW,^^r,a)), (6.1g) 

i_ (a) ^ (T(i) , ^1 , a) . . . ^_ (T(^) , a)), (6.1h) 
of the twisted primary fields, and we will generally abbreviate 

Jn(r)iJ.{z) = Jn{r)iJ.{Z-,(T)-, Jn(r)ii{z) = J n{r) ij.{z ■, (j) ■, %i(r)fj, = %i(r)fj,{T, a) (6.2a) 

9+{'^,z) = g+{T,z,a), g-{T,z) = g-{T,z,a) (6.2b) 

by suppressing the sector label a. 

We begin with the exact operator products of the currents 



gn(r)M;n(5)i/(tT) _^ ^■^n(r)/.;n(s)z/"^'"^'^"^^^'^(o") 4(r)+n(s),J (w) 

(^ — wy z — w 

+ : Jn(r)u.{z)Jn{s)A^) ■ (6-3a) 

gn(r)/.;n(5)y(g") _^ ^•^n(r)M;«(s)^"^'"^'^"^^-'''^ (o") J n(r)+n(^),5 (w) 

(z — w)'^ z — w 

+ ■ Jn(r)tx(z)Jn(s)u(w) : (6.3b) 

where : • : is operator product normal ordering. Then the mode normal orderings M and 
M are defined as 

■ Mr)M + ^) Jn(.).(n + ^) :m = ^(m + ^ > 0) J„(,).(n + ^) J„(.),(m + jM) 

+^(^ + ?S < 0) 4w.(m + ^)Ms)An + Jg) (6.4a) 

^ 'j<r)M + ^) Jn(.).(n + ^) :m = ^(m + ^ < 0) J„(.).(n + ^) J„(.),(m + ^) 

+e{m + ^ > 0) Xw,(m + ^)JnW.(n + ^) (6.4b) 
34 



-'n(r)/i(^)'^(s)i^('"^) = 



Jn{r)n{z)Jn{s)u{w) = 



where M normal ordering was studied for the twisted left movers in Ref. |^ . The M and M 
orderings are truly normal only for the semisimple orbifold affine algebras |3^, |3^, |31], ^ 
of the permutation orbifolds (see Sec. |^), but we can also use them to obtain exact relations 
for any WZW orbifold Ag{H)/H. 

Using ( |6.4|) and the general twisted current algebra (|5.12| ), we find the exact operator 
products 



Jnir)f,iz)Jnis)u{w) = (-)''('^'|[- 



1 n{r)/p{a) 
z — wY w(z — w) 



/+ : Jn(r)f,{z)Jn{s)AW) -M (6.5a) 



z — w 



% /-\% /-\ -"(o r r 1 —n(r)/p(a).^ , . 

Jn{T)A^)Jn{s)v\w) = - I — rT^ + — T^\G n{r) ^,Ms)M 

z {z — wj w[z — wj 



Z — W 



(6.5b) 



in terms of M and M normal ordered products. To obtain these results, we have used the 
definition of n{r) in ( |3.121| ), the summation identities in App. 0, and the fact that p2 



-n r = — n r 



p(cr) — n{r) when n{r) ^ 
when nir) = 



(6.6) 



which follows from the definition of n{r). The left mover result in ( |6.5a| ) was given in 
Ref. H. 



Comparing ( |6.5|) with (|6.3| ), we find the relations among the normal ordered products 

■ Jn{r)fi{z)Jn{s)u{z) : = : Jn{r)fi{z) Jn{s)u{z) '.M 



^n(r^lr.rl.(s\v'^''''''^'^'''''''\(y)Jn{r)+n{s),5{z) + — ^ \ ( 1 — ) ^n(r)/i;n(s)!/ (o") (6.7a) 



i n{r) 

z p[a) ^ '^^ ^ ' 2p[a 



p{<y) 



■^n{r)ii;n{s)u \^j^n{;r 

)+n{s),&\z) -h ^TTTT ^ TV 



z p{a) 



z^ 2p{a) 



(6.7b) 
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These relations allow us to express the stress tensors of the twisted affine-Sugawara con- 
structions in terms of M and M normal ordered products (see App. with C — > >Cg(o-)). 
The corresponding Virasoro generators of the twisted affine-Sugawara constructions are 

pel. 

.n(r) „ o<5/ ^ * ' ^ - "'^l'"' ^- ""-l^' 



-'i^^^^n{r)n--n{r),v (o") </o<5 ("^) + ^m.O^^^^^ " ^^^^ ) ^n(r)At;-n(r),!^ (o") } (6.8b) 



— n(r) / —n(r) \ n{r) ( n{r) 



(6.8e) 



in sector a of each WZW orbifold Ag{H)/H. The identity in (|6.8e| ) follows from ( |0| 



We turn next to the exact operator products of the twisted currents with the twisted 
primary fields, starting with the operator products 

Jnir)fM{z)g+i'^,w) = ^ ^ ^ g+{T,w)%,(^r)^,+ ■ Jn{r)t,{.z)g+{T , w) : (6.9a) 

Jn(r)fi{z)g-{T,W) = -—^—Tn(r)^^g-iT,w)+ : J„(^)^ (z)^_ (T, w) : (6.9b) 

in terms of operator product normal ordering. For these operators, we introduce the cor- 
responding M and M normal ordering as follows 

■ U),{m + ^)^+(r, z) :m = ^(m + 5g > 0) ^+(T, z)4(.),(m + ^) (6.10a) 

+e{m + ^ < 0) + ^)^+(T, z) 

■■ Jnir),{m + ^)g-{r, -z) -.M = ^(m + < 0) g^r. z)3 nir)M + ^) (6.10b) 
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+e{m + 5g > 0) J„M,(m + ^)g-{T, -z) . 

Again, these mode orderings are truly normal only for permutation orbifolds (see Sec. 0). 
Then using the commutators in ( |5.17a| ), ( |5.17b| ) we find the exact operator products 



n(r) ^ 

Jn{r)i,{z)g+{T ,vj) = (^^)^ ^ _^^ g+{T,w)Tn{r)t,+ : Jn{r)^l{z)g+{T ,w) '-M (6.11a) 



z / z — w 



_ -n{r) ^ 

Jn(r)^,{z)g-iT,w) = - (^^^ — — 7;(^)^^_(r,w)+ : J„(r)M(^)^-(^, w^) :Af (6.11b) 

in terms of the M and M normal ordered products. 

Comparing ( |6.1ip with ( |6.9[ ), we also obtain the relations among the normal ordered 
products 

: Jnir)f,{z)g+{T, z) :=: Jn{r)f,{z)g+{T, z) -.M -^^^+(T, z)%^r)t, (6.12a) 

: ynir)f,{z)g-{T,z) : = : J n(r)t,{,z)g_{T ,z) -.M +^^^'^n{r)f^9-{'^,z) (6.12b) 
in each sector a of each Ag{H)/H. 

6.2 Mode-Ordered Form of the Vertex Operator Equations 

As an application of ( p.l2| ), we may reexpress the twisted vertex operator equations ( |6.1d] ), 



(EM) 



dg+{T,z) = 2£^J^j^' "^'■^■''(or) Jn(r)^{z)g+{T,Z) :m -^^g+{T, z)Tn(r)^^ T_nir),u 

(6.13a) 

Bg.iTrz) = -2C;^f-^^^^^{a)r_^^r),. Jnir),{z)g^{r,z) -.u 

(6.13b) 

in terms of M and M normal ordered products. 

Using Eq. (6.1U), we give the explicit form of these mode ordered products 



: Jnir)f.{z)g+{T, Z) -M = 4(r)M (^)^+ ^) + ^+(^' ^)^n(rv(^) (6.14a) 

, n(r) 

■Jnir),i^^ - E^(-+^<0)^'^«M(- + g3)^^^^^ (6.14b) 
m 

n(r) 

= (6.14c) 

m<-l 
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, n(r) 

m 

n{r) 

= E'^'^Mm(^ + S)^^^''^ (6.14e) 

m>0 



: Jn{r)t,{z)g-{T, z) -.M = J n(r)t,{z)g-{T , z) + ^_(T, 2;) J„(^)^ (2;) (6.15a) 

'^"nMM(^) = E^("^ + ?^>0)'^""M/'(^+?S)^^^^ (6.15b) 

m 

= E^«Ma'(^ + S)^^"''^^~'-'^^M-0'^om(0)^-' (6.15c) 

m>0 



E - ^)^^'"^^^"' (6.15d) 

m>0 



■^^nM.l^) = + + (6.15e) 

= E^"M^(^ + S)^^""'^^"' + '^^M-oJom(0)^-' (6.15f) 

m<0 



m<0 



^{r)M(^) + Jn{r)^.{z) = J n{r)t.{z) (6.15h) 

twisted partial currents. In obta 
twisted right mover partial currents, we also used the identity 



where J , J are called the twisted partial currents. In obtaining the final form for the 



Jnir)M -=^)= JnirUm " 1 + Jgf), ^(r) ^ (6.16) 

which follows from ( |6.6| ). 

Finally, it will be useful to know the commutation relations of the partial currents 

n(r) 

[■J:ir),i^),9AT,w)] = —— (-)''(^) g4T,z)X^r)„ \z\ > \w\ (6.17a) 
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z — w \ z / 



n{r) 



\w\ > \z\ 



(6.17b) 



[Jn{r),,{z),9-{T', W)] 



z — w \ z 



Tn[r)^,g-{^^,Z), \z\ > \w\ 



(6.17c) 



-n{r) 



W\ p{a) 



z — w \z 
with the twisted primary fields g{T). 



\w\ > \z\ 



(6.17d) 



6.3 A Consistency Check on the Twisted Vertex Operator Equations 



The forms (|5.10|) (and hence the forms ( |6.13|) ) of the twisted vertex operator equations 
followed from local isomorphisms. In this subsection, we provide a consistency check on 
these results, starting with the differential equations 

dg+{T,z) = [L,{-l),g4r,z)], dg^{r,z) = [L,{-1), g^T, z)] (6.18) 

which are special cases of the more general commutation relations in ( p.l7cD , ( ^.17d| ). 
Then using ( |6.8b| ), (|6.8d|) and ( ^.17a|) , ( |5.17b|) one finds after some algebra a somewhat 



different form of the twisted vertex operator equations 

dg+iT,z) = /:^{^j'''""^''^'''(a)(2 : J„.{r)piz)g+{T, z) T_„,{r),. 



(6.19a) 



'9+{T-, z)-Tn{r)fjX--n{r),v{'^ — Sn{r),o) 

2/ 



1 i 
z z 
These forms agree with those given in ( |6.13|) iff 



(6.19b) 



+ -'^-n{r),u%i{r)p.g-(X, z){l — 5n(r),o) — - -^n(r)At;-n(r),i/°'^^,<5^- (^, Z 



(6.20a) 



^n{r)fj,;—n{r),u . 



Cr) [%i{r)pT-n{r),u{'^ " <5n(r),o) + i^^^^n{r)iJ.--n{r),J''^%,& 



(6.20b) 
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These consistency relations are in fact identities. To check the first identity, replace the 
i^n(r)n--n(r),v^'^To,s term by the commutator [7^(r)/i, T_n{^r),u\ and note that the identity is 
trivially satisfied for the n(r) = terms. For the n 7^ terms, use the symmetry ( [4.191| ) 
of and the change of dummy variables n —n, which induces n/p 1 — n/p (see 
Eq. ( |6.6| )). The second identity then follows from the first identity by n{r) —>■ —n{r) and 
the symmetry ( [4.19i|) of Cg^a)- 

7 The WZW Permutation Orbifolds 
7.1 Systematics 

In this and the following two sections, we apply our general development above to the 
special case of the WZW permutation orbifolds 

^^^\ if(permutation) C Sn ■ (7.1) 
H 

We begin by reprising the salient features of the permutation-invariant theory Ag{H) 

g = ©f=V/, K <N, 0^ ~ 0, a — >al, a — > al, (7.2a) 

GaI,bJ = kVabSlJ, fal,b/'' = fab'SjjSj'' , (T,,),j^^ = (T,)/5,j5j^ (7.2b) 

[Ta, n] = zfab'T,, Tr(T,T,) = y{T)r]ab, M{k, T)^ = ^^^'''5/ (7.2c) 

^absjlj 

Lf''' = D,{T)y' = A,{T)S^jf (7.2d) 

I = 0,...,K-1, a = l...dim0, a = l...dimT (7.2e) 

where I is the semisimplicity index. Here each copy is taken at level k with Killing 
metric rjab, structure constants fab'^ and irrep T^. In Eq. ( |7.2d|) , Ag(T) is the conformal 
weight of irrep T under any copy ~ g. 

We next discuss the form of the symmetry transformations w and W when H is any 
subgroup of Sjy. The action in the adjoint is 



w{K)ai = 6aw{K)i, y K e if (permutation) C Aut{g) . (7.3) 

Then we must find W{h„]T), the corresponding action of /lo- in matrix representation T. 
It is straightforward to check that 

W{K; T)^'^ = 6jw{K)/, V /i^ (permutation) C Aut(^) (7.4) 
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solves the linkage relation (|3.5a|) so long as 



(7.5) 



and these relations indeed hold for all h„ & H because each w{h^)j'^ is a permutation 
matrix. 



The simple forms ( |7.3| ) and ( [7.4|) tell us that, for permutation orbifolds, the extended 
if-eigenvalue problem (|3.13| ) and the if-eigenvalue problem ( |3.12| ) are both simply related 



to the solution of the reduced eigenvalue problem for w{ha)i 

n{r)fi — > n{r)aj, N{r)^ — > N{r)aj 



R{T,a)=p{a), E{T,a) = E{a), N{r) = n{r) 



(7.6a) 



(7.6b) 



[/t(T, a)„,"('^)*' = (5/f/^(a)/W^ ?7t((T),,"M''^' = 5a''U\a)f''^' (7.6c) 



;(/i.)/[/t(a)/M^- = f/t(a)/M^-K(,)(a), K(,)(a) = e"''^^^ (7.6d) 
which is given in (|7.6d| ). This gives the simplified forms of the duality transformations 

Gn{r)aj;nis)bli(^) = abX{(^) n(r)ajX{(^) n(s)bl^U {a) n^r)/ U {a) n{s)l^ (7.7a) 

/ 

^ n{r)+n{s)fl mod p{<j )Gn(r)aj;-n(r),bl{0') (7.7b) 



n{s)l 



r /-'n(r)aj;—n(r),bl I 

(Jn{r)+n{s),Omodp{a)y I 



(7.7c) 
(7.7d) 



^n(r)ai;n(s)M"^*''''"'(0- ) = fab''x{'^)nir)ajXi'^)nis)blXi'^)n{t)cm ^^^i^ )n(r)/U (d )n(s)/U\a )^"(*)'" 

(7.7e) 



X ■jr n(r)+n{s),CTn , 

"n(r)+n(s)— n(t),0 modp(CT)-' n(r)aj;n{s)bl ' 



^n{r)aj;n{s)bl , 



k 



2k + Q, 



->n{r)aj;n{s)bl , 



(7.7f) 
(7.7g) 



{rn(r)ajUs)ar^'^^'^ = (T.)/x(^)n(r)a, t/(a)„(,)/[/(a)„(,)/f/t (a),"^"^ (7.7h) 
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X (n~ \ n(r)+ra(s),/3m 

'Jn(r)+n(s)—n{t) ,0 modp{a) \ ^ n{r)aj )n(s)al 



(7.7i) 
(7.7j) 
(7.7k) 



/-n\ n(s)l3l r A''^A' 

\^)n{r)aj On{r)—n{s),0 modp{(T)(' j 



(7.71) 



in sector cr of any WZW orbifold Ag{H)/H. More explicit forms of Q, JF, £g(cr) and T are 
given in Subsecs. |7]^, [T^l and App. |^. 

Because the twisted conformal weight matrix ( [7. 7k|) is proportional to unity, we also 
find the simpler OPEs 

^(r,^,^)„M„/"W'^^ = (^_(T,z)^+(r,z))„(,)„/W^\ = l...dimT (7.8a) 



+ ) w) + 0{z - 

[z — W)^ z — w ' 



+ 



^_(T,w) + C(^- w 



T,^o 



(7.8b) 



(7.8c) 



[2; — z — w ^ 

for the WZW permutation orbifolds and the WZW orbifolds on simple g. 
7.2 The Ground State of Sector a and Simple Results 

For the permutation orbifolds, the ground state (twist field state) of sector cr satisfies 

= Jnir)ajim + ^ > 0)|0), = , (0 1 (m + ^ < 0) (7.9a) 



= Jnir)aj{m + ^ < 0)|0). = . (0 1 J„(,),,- (m + ^ > 0) 



n(r) 



(7.9b) 



{Jn{r)aj {z")) {J n{r)aj {z")) 



(7.9c) 



(: Jn{r)aj{z)Jn{s)bl{w) ■■M)a = {'■ J n{r)aj{z) J n(s)bl{w) ■.m)^^ = 



(7.9d) 



The left mover conditions (|7.9a|) were given in Ref. and the right mover conditions ( [7.9b| ) 
can be understood (see also Subsec. [7.5| ) from the mode-number reversed form ( |5.19| ) of the 
twisted right mover current algebra. 
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Using the exact operator products in ( |675D we find that the current-current correlators 



{Jn(r)aj{z)Jn{s)bl{.'^))u '^n(r)+n(s),0 modp(f7) 



z 



X 



[z — wr w[z — w] 



<5n 



{r)aj;-n{r),bl 



» (7.10a) 



{Jn{r)aj{z)Jn{s)bl{w))a = S 

n(r)+n(s),0 modp(f7) 



_ — n(r) 



X 



-n{r)/p{a) 



[z — w]^ w[z — w] 



Qn{r)aj;-n{r),blio-) (7.10b) 



follow for all permutation orbifolds from the ground state conditions ( [7.91 ). The left mover 
result ( 7.10a| ) was given in Ref. [^2] . 

Using ( [7.7c| ), ( |7.7e| ), ( |7. 7g]) and ( |6.8| ), we find that there are no J or J linear terms in 
the Virasoro generators of the WZW permutation orbifolds 



(r),M(m-p-^) :m 



pe2 



+6: 



n r 



1 1-^ ) Qn{r)aj--n{r),bli'^) j (7.11a) 



2p{a) V Pier) 



^{r),bli-^ - P ~ ^) -M 



-n{r) ( ^ -n{r) 



Qn{r)aj;-n(r),bli'^)} ■ (7.11b) 



Then the ground state conditions ( |7.9a|) , (|7.9b|) allow us to compute the ground state 
conformal weights (conformal weights of the twist fields) 



L.im > 0)|0)„ = 5m,oM^)\0)., Uim > 0)|0), = (5^,oAo((t)|0), 



(7.12a) 



2 



E 



n{r) / n{r) 



2p{a) V Pia] 



dim[?7,(r)] 



(7.12b) 



Cg -n{r) 
2 ^ 2p{a) 



—n(r) \ r , XT i , ^ 2A; dimg 

d„„|ft(r)| = A„(.). = 



The left mover result Ao(o") was given in Ref. p2|. Here dim[n(r)] is the dimension of 
the degenerate subspace labeled by the spectral index n(r). The equality of the left and 
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right mover ground state conformal weights follows from (|6.8e|) , and this equality provides 
a consistency check on the form ( [5.12| ) of the general twisted current algebra. For the 
cyclic permutation orbifolds and the Sn permutation orbifolds, more explicit forms of 
these conformal weights are given in Ref. |3^. Similarly, one finds equality of the ground 
state conformal weights in each sector of the general permutation orbifold (see App. 0). 



7.3 The Cyclic Permutation Orbifolds 

In this and the following subsection we discuss the cyclic permutation orbibolds Ag{'Ijx)/'^x 
and the Sn permutation orbifolds Agi^S^)/ Sn in further detail, concentrating on the rec- 
tification problem and the twisted representation matrices for these cases. 



For the cyclic permutation group H = Z^, it is known [31, p3] that 



n(r) = r, n(r) = r, Er{<j) = e '^^^p('') 



(7.13a) 



N(<y)r(j-I) 



jr,/mod 



raj 



(7.13b) 



Graj;sblicr) = picr)k7]ab5jl6r+s,0modp{a), Q''"'^ '''^\a) 



p{a)k 



7]"- 6^ 5r+s,0modp(<7), (7.13c) 



■r tcm ; 

•J raj;sbl I 



0") — fab'^SjlSl"^Sr+s-t,Omodp{a) 



2k + 



(7.13d) 
(7.13e) 



a = l...dims, f = 0,...,p{a)-l, j = 0, . . . , ^ - 1, a = 0, . . . , A - 1 (7.13f) 



where / = 0, . . . , A — 1 and the integers N{a) are defined in Ref. In the standard 



notation J^^-* = J^aj, J^j = J raj, this gives the twisted current algebra of the cyclic 
permutation orbifolds: 



■-Jr) 



[Jifirn + ^)j^f{n+^)] = 5,,(,/,,^jJ;+^)(m + n + ^) 



(r+s). 



-P{^)kvab{m + r+s ) (7.14a) 



SA^fab''JJ''^'\m + n + r^) 
+pia)kvabim + ^)6^^^^r^^^) (7.14b) 
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(7.14c) 



(7.14d) 



Here the twisted left mover algebra |3l|, ^ is a semisimple orbifold affine algebra [p3[] , 
with commuting orbifold affine subalgebras labeled by j, at orbifold affine level k = p{a)k. 

Moreover, we have used the mode-number reversed relabelling J in ( [T-Md]) to rectify the 
twisted right mover algebra into a copy ([7l4bD of the twisted left mover algebra. 



We also find that the left and right mover Virasoro generators of Ag{Z\)/'Z\ are copies 
of each other 



1 ab -"M-l ''W ^ 

/cAdimg 



•M 



+Vo — — [i- - 



(7.15a) 



-.ab P^")-'^ ' 



LJm) 



2k + Qg 



p(cr) . 



r=0 i=0 pGZ 

fcAdimg 



M 



mfl- 



12 P-lSb) 

when the right mover Virasoro generators are expressed in terms of the rectified current 
modes J . The left mover result in (|7.15a|) was given in Ref. . 
The twisted representation matrices of Ag{Zx)/Z\ 



R{<j) = pier), N{r) = n{r) = r, r = 0, . . . , p{a) 



(7.16a) 



(T, a) ^ T.., (T, a) , (T, a) = T^^ {T, a) 



(7.16b) 



— t, mod p{cr) 



(7.16c) 



-is) 



(r+s) , 



(7.16d) 



also follow from the simplified formula ( |7. 7h| ) and the data (|7.13|) . The algebra ( |7.16d| ) of 
the twisted representation matrices shows the same semisimplicity as the twisted left and 
right mover current algebras in ( [7.14| ). The example 



sal 



t/3ml 



sal 



tl3m 



(7.17) 



illustrates the action of the twisted representation matrices in this case 



Further study of the WZW cyclic permutation orbifolds is found in Subsec. ^ 
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7.4 The Sm Permutation Orbifolds 



For the permutation group H = Sjy, it is known |^ that 

I — ' jj, ri{r)l — >ll 



f/t( 



// -27riii rni/^\ -27rii n(r) j 

0-).," = -^e , Elia) = e ^4 = — 



(7.18a) 
(7.18b) 



j=0 



(7.18c) 



J, 



n{r)aj 



<^aj — '^jaj^ ^ n[r)aj 



''Jaj-Jbl \'^) ~ Jab OjlOl Oj+i' _m,0 mod c 



(7.18d) 

(7.18e) 
(7.18f) 



a = 1 . . . dimg, j,l = 0, . . . , n{a) — 1, j = 0, . . . , cxj — 1, / = 0, . . . , cx/ — 1 . 

(7.18g) 

Here each sector a = {aj} is a partition of A^, which also labels a representative element 
of each conjugacy class of Sn- The integer j runs within each disjoint cycle aj (an element 
of "Z^. with size and order aj), and the integer j runs over the set of all disjoint cycles of 
hff e S]\f. Note that the matrix of eigenvectors U^{(t) in (|7.18b|) is a direct sum in the space 
of disjoint cycles. 

This leads to the twisted current algebra of the permutation orbifolds Aq^Sn)/ Sn 

(7.19a) 



(7.19b) 



[J^Jh^+i-).JbP{n+h)] = ^ 



(7.19c) 
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-m — ^] 



(7.19d) 



Here the twisted left mover algebra in ( [7.19a|) is a semisimple orbifold affine algebra 
P3|| , with commuting subalgebras labeled by j, at orbifold affine level fcj = a^k. Moreover, 
we have used the mode-number reversed relabelling (|7.19d| ) to rectify the twisted right 
mover algebra into a copy (|7.19b[) of the twisted left mover algebra. The left and right 



mover Virasoro generators are also found to be copies (see Subsec. |7^) when the right 
mover generators are expressed in terms of the rectified current modes J . 
Finally, we give the twisted representation matrices of Ag{Sj^^ j Sj^ 



N{r) n{r) 
R{cr) p{o-) 0" 



— , J 



0, 



(7.20a) 



r„f (T, a) ^ J.^^{T, a), r„f '^^^(T, a) = T^iT, a) (7.20b) 



j+l —rh ,Omodtrj 



(7.20c) 



[T^ (T, a) , T^; ^ (T, a)] = S.^i^T^'r ' (T, ^ 



-(0 



(7.20d) 



which also follow from the data (|7.18 ) and Eq. (|7.7h ). The algebra ( 7.20d ) of the twisted 
representation matrices shows the same semisimplicity as the twisted current algebra ( |7.19| ). 
The example 



rh Pm 



Z 



illustrates the action of the twisted representation matrices in this case. 



Further discussion of the permutation orbifolds can be found in Ref. [32 



(7.21) 



7.5 Universal Forms and Rectification of the Permutation Orbifolds 



For all permutation groups H C Sn it is well known that a representative element h^r of 
each conjugacy class of H can be expressed in terms of disjoint cycles (see e.g. Subsec. |7.4] ). 
The matrix of eigenvectors W [a) can always be taken as a direct sum in the space of disjoint 
cycles, so we fincQ for all permutation orbifolds that the twisted left mover current algebra 
Q{hcr) of sector cr is isomorphic^ to the following commuting set of orbifold affine algebras: 



Q{ha-) = g(i7 (permutation) C Aut((?);cr) 



(7.22a) 



"'■^A qualitative version of this argument was noted in Refs. |31| and See also R ef. p9|| 
■l-^That is, the normalization constants Xn{r)aj{'^) can be chosen to obtain the form (7.22b) 
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[Jn(r)a,(m+ = S,i{tU' Jnir)+nis),cj{m + U + ^^^^^^^ 

+kj{a)r]abim + ^) 6 nirj+r^ ) (7.22b) 
kj{a) = kfj{a), a,b,c = l...dimg, a = 0, . . . , A^'c — 1 . (7.22c) 

Here {kj{cr)} is a set of orbifold affine levels, where /j(cr) is the size and ordeiQ of each 
disjoint cycle j in hrj G if (permutation). The ratios 

^rHa ^ U:r\ ^ TT:r\' J = 0,... ,/j((t) - 1 (7.23) 

p{(^> jA^) 



are also determined as in Subsec. |7.4 The twisted right mover current algebra Q{h^^) 
commutes with ( |7.22|) and has the same form with k ^ —k. 

Looking back, we see that the mode-number reversed relabellings ( [7.14d| ) and (|7.19d| ) 
rectify each commuting right mover subalgebra separately, and indeed it is easily checked 
as above that the mode-number reversed relabelling 

['^n(r)aj("^ + ^n(r)w("- + ^)] = ^jlijlab" J n{r)+n{s),cj{^ + n+ "'^'^l^J^^"'^ ) 

+k,{cT)Vab{m + ^) (5„ „(.)+„(.) Q ) (7.24a) 

p{(t) ' 

jl(r)ajim+^) = J-n{r),aj{-m-^) (7.24b) 

provides a universal rectification of the twisted right mover algebra {Q{h~^) ~ Qih^)) for 
each sector of all permutation orbifolds. (In the language of Eq. ( p.30a| ), this rectification 
chooses 6{a) = 1 for all a, n{r), aj). In terms of the rectified right mover modes the ground 
state conditions ( |7.9bD take the form 

= j[ir)aM +W)> 0)10)'^ = AO\jlir)aA^ + < 0) (7-25) 



which are a copy of the twisted left mover conditions in ( [7.9a ). 



In the basis ( [7.22b| ), we note that the twisted structure constants and twisted metric 
take the universal form 

^ n{r)aj;n{s)br^^^^'^{'^) = fab'^SjlSr^n{r)+n{s)-n{t),Omodp{cr) (7.26a) 
Qn{r)aj;n{s)bl{o') = kj{a)riabSjlSn{r) +n{s),0 modp{cr) 

(7.26b) 

^-n{r),aj;-n{s),bl "'^^^ ''^'^ [(j) = J-'n{r)aj;n{s)bl^^*^'^"^ {o') , G-n{r),aj;-n{s),bli<^) = Qn{r)aj;n{s)blio') 

(7.26c) 



•^''We already know that /j(cr) — p[a) for H — Z\ and /j(cr) — cjj for Sm- 



48 



for all sectors of all permutation orbifolds. Moreover, as required by the discussion of 
Subsec. f)A[ the universal rectification ( [7.24| ) of the permutation orbifolds follows from the 
symmetries (|7.26c| ) alone. 

/,From ( [4.9a{ ) and ( [7.26a| ) we find the universal form of the algebra of the twisted rep- 
resentation matrices 

[%.{r)aj{T, a), Tn(^s)bi{T, a)] = 5jiifab'Tn{r)+n(s),ciiT, a), a,b,c = l... dimg (7.27) 
in this basis. The factorized form T = Tt oi the twisted representation matrices 



%i{r)ajiT,Cr) = Ta ® tn{r)j(cr) = Tatn{r)ji<y) 



(7.28a) 



[Ta,Tb] —ifab^Tc, tn{r)j{(^)tn(s)l{(y) — ^ jltn{r)+n{s),j{(^) , tn{r)±p{cr),j{cr) — tn{r)j{(^) 



tn{r)j{<y)n(s)r^^^^ — ^ jl^T ^ri(r)+n[s)-n{t)fi modp(cr) , 0" — 0, . . . ,Nc — l 

is discussed in Subsec. ^]3| and App. ^ 

Moreover, using ( [7.7g| ) and ( |7.26b|) , we find the universal forms 



(7.28b) 
(7.28c) 



n{r)aj;n{s)bl 



(J 



(7.29a) 

r]°'''S^''6n{r)+n{s),0 modp{a-) (7.29b) 



g-n{r),aj;-n{s),hl ^^-^ _ gn{r)aj;n{s)bl ^^^^ 



2k + Q 

^-n(r-),ar,~n(s)M^^^ = iZ^f^j'^^ ((t) (7.29c) 



n{r)bl;—n{r) ,aj , 



» (^) = • (7.29d) 

The final symmetry in (|7.29d| ) is sufficient to verify the rectification identity 



^n{r)aj ■,—n{r) ,bl 



x(r),M(-m-p+^) -.M 



n{r)aj;—n{r),bl \ \ ^ 



O") : Jn{r)aj{P + ^ -n{r) ,bA'^ - P + ^) : 



n{r) ' 



■M 



(7.30) 



where J are the rectified right mover modes in (|7.24b|) and M and M ordering are defined 
in (irap and ( [OEI ). 

Moreover, we may use ( |6.8e|) , (|7.24b|) and (|7.30|) to express the right mover Virasoro 
generators ( |7.11b[ ) as a copy 

Qn{r)aj;-n{r),bli^)'} ('''•31) 



n[r) / n(r 



2p(a) V p{a) 
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of the left mover generators in (|7.11a|) . It is reasonable to expect more generally (see also 



Subsec. |10.2| ) that this situation will occur whenever the twisted right mover currents are 
rectifiable. 

We finally give the universal form of the classical WZW orbifold action (see Subsec. |5.7| ) 
in the case of WZW permutation orbifolds: 

(7.32a) 



9j 



1 ^1 ''I ) — ^ 1 ' n(r)\'~' ) n{s) — "n(r)+n(s)— n(i), modp(o-) 



(7.32b) 



^n(r)ai(^^27r,t,a) 
r 

{r)aj 

^,-(r,e + 27r,t,a)„(,)„"('^)^ 



n(r) 



^(r,e + 27r,t,a)„^^ "W^' 



n(s)l3l 



-2m 



ri(r) — n(s) 



(7.32c) 
(7.32d) 
(7.32e) 



y{T) ^\87r 



127r 



fr((^7i(T,a)ti^,(T,a) 



(7.32f) 



(r)a 



(7.32g) 



n(r),n(s) a,/3 



In obtaining these results, we used Eqs. ( |5.5CI| ), ( |5.52a| ), (|7.7j|) and ( |7.28|) . Note that, as 
it should be, the orbifold action is separable in the semisimplicity index j of the universal 
orbifold affine algebra ([7.22|) . The required integers and the range of j are given explicitly 



for Ag{Xx)/Zx and Ag{SN)/ Sn in Subsecs. {T^ and \L4 . 



8 The Twisted KZ Equations of WZW Permutation Orbifolds 

8.1 Preliminaries 

For the WZW permutation orbifolds the vertex operator equations ( p.l3| ) take the form 



bl 

8.1a) 
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dg-{T,z) = -2/:^J^j"^' "^'^^'^'((t)T_„(^),m Jn(r)aj{z)g^{T,z) -.M +^0f\'^n{r)ajg-{T , Z)^ . 

(8.1b) 

Similarly, we obtain the alternate form of the vertex operator equations 



1^ , \ 

— -^+(^, z)Tn{r)aj'^-n{r)M{^ — ^n(r),o) 1 



(8.2a) 



dg-iT,z) = ' ^ (a) [2T_n(r),bi ■ Jn{r)ajiz)g^{T,z) -.M 

+ ^T-n{r),bl^n{r)ajg-iT' , z){l — 5fi(r),o)^ 



(8.2b) 



where we have used ( |7.7e| ) to show that the ^-terms of ( |6.19D are zero for WZW permutation 
orbifolds. Correspondingly, the identities ( |6.20|) take the form 



r)rn{T)aj--n{T)M( \n(T)_q- q- 



%{r),bl — ^^l^l"'^' "'■'"^'^'(<^)^(r)aj'^n(r),w(l ~ ^n{r),o) (8.3a) 



2£ 



n{r)aj;—n{r),hlj\ —n{r) 



n{r)aj\—n{r) ,bl 
n{r)aj\—n{r) ,bl , 



(^)T^n{r),bl'^n{r)aj{^ — 5n(r),o) (8.3b) 

) (8.3c) 

for the WZW permutation orbifolds. The last form in ( fj.3cD follows by n — —n from 

O). 

Using the ground state conditions ( |7.y| ), we find that the twisted partial currents obey 



(8.4a) 



= Jn{r)aj{z)\^)a = a{0\Jnir)aj{z) = : g-{T , z) Jn(r)aj{z) -M \^) a 

where we used ( |6.14| ) and ( |6.15 ) for the left and right movers respectively. 



(8.4b) 



8.2 The Twisted Left Mover KZ Equations 



Using the twisted vertex operator equation (|8.1a|) , the ground state conditions (|8.4a| ) and 
the commutation relations ( |6.17| ), we obtain after some algebra the twisted Knizhnik- 
Zamolodchikov equations 



H 



if (permutation) C Aut(5') 



^.5a) 
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A+{T,z,a) ^ (^+(T«,^i,a)^+(T(2),^2,a)---^+(T(^),z^,a)). (8.5b) 
d^A+{T,z,(j) = A+{r,z,(j)W^{T,z,a), a = 0, . . . , iV^ - 1 (8.5c) 



^ rr\ — 9/'"(''')"i;-"(''").'''/ 



n(r) 



n(r) 



1 



(m) 



n{r)aj —■n(r),bl p((t) ^ n(r)aj —n{r),bl 



(8.5d) 



= z^-z., 5^ = $^ (8.5e) 

for each twisted left mover sector a of all WZW permutation orbifolds. These equations 
are a central result of this paper. We remind the reader of the data in Subsecs. |7.3| and [7.4| 
and the universal forms of T = Tt and /^g(cr) (o") in Eqs. ( [7.28| ) and ( |7.29| ) respectively (see 
also Subsec. |9l3| ). 

By construction the twisted connection ( ^.5d| ) is flat 

d^W^icr) - d,W^{a) + [W^{a), W,{a)] = 0, W^{a) = W^{T, z, a) (8.6) 
and in fact this twisted connection is abelian fiat 

d^,W,{a) - d,W^{a) = (8.7a) 



(8.7b) 



To check ( |8.7a| ), compute the derivatives explicitly. For n(r) = the identity is immediate. 
For n{r) ^ use in the second term the symmetry ([4.19f ) of >Cg(CT) and relabel n — >■ —n 
so that ^ — s> 1 — ^. Then the two terms sum to zero. The condition ( |8.7b| ) is checked 
explicitly for the cyclic permutation orbifolds in Subsec. |9.3| . The z'^^ terms in ( |8.5| ) can 
be traced back to the fact that the twist field states |0)o- = To-(0)|0) are not invariant under 
Sl{2)®Sli2). 

For completeness, we also give the alternate form of the twisted connection 



n{r)aj ■,—n{r) ,bl 



E 



n{r) 



ry n{r)aj —n(r),bl 



[1 - 5n(r),o)— '^^(Cw'^i^'' 



^{r)aj —n{r),bl 



that follows from the alternate form ( |8.2a| ) of the twisted vertex operator equation. 
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We also find global Ward identities corresponding to the residual symmetry generated 
by the elements of the Lie subalgebra ( [5.15| ) of sector cr. For the left mover sectors of the 
WZW permutation orbifolds, these Ward identities read 

([Joa,(0), g+C^^'Kzu a) ^+(r(^\ z^, a)])^ = ^ A+{r, z, a)Q,,(a) = 

(S.ga) 



N 

Q^^{a)^J2'^i^j^ a = 1... dims, Vj (8.9b) 

[Qajicr), Quicx)] = iJ^oarfibi'^^VUcx) (8.9c) 

in terms of the twisted representation matrices T with n{r) = 0. Using properties of the 
twisted representation matrices (see App. |^ and in particular Eq. ( |li).7| )), we find that 

[W,{a),Q,,{a)] = (8.10) 

so that the global Ward identities ( |8.9| ) are consistent with the twisted KZ equations. 
Finally, we note the simple form of the L„{0) Ward identities 

N 

A^iT, z, a) + Ag(T(^))) = (8.11) 



which follows from (|5.36| ) and (|7.7k| ) for the WZW permutation orbifolds. In fact (as in 



the untwisted case) we find that the -Lo-(O) Ward identities are automatically satisfied when 
both the twisted KZ equations (|0| ) and the global Ward identities ( |8.9| ) are satisfied. To 
see this, the reader may find helpful the following intermediate steps: 

n(r) 

u,i/ Zfj,u \Zf_L/ 



^0(-) ^^'^ ~^Oaj hbl - i^) 2^ " ^Oaj ^Obl (8. lib) 



(8.12c) 



IJ.,L/ 
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—n{r),bl 



(8.12e) 



The first identity in (|8.12|) holds for each (fiv) + (vfi) pair of terms separately, without 
further summation. To see this use n —>■ —n in the second term. The second identity follows 
on 1/ exchange, as in the untwisted case. The third identity then follows immediately 



from the alternate form (|8.8| ) of the twisted KZ connection. The final identities follow from 
the global Ward identities and (|7.7k| ). 

We finally recall from ( [7. 21 ) that for a = 



n[r] 



0, 



j,/^J,L = 0...,ir-l, /:g(o)(0)-^Lf'^^ r(0)^T,, (8.13) 



so our twisted KZ system reduces to the appropriate untwisted KZ system in the untwisted 
sector of each permutation orbifold. 



8.3 The Twisted Right Mover KZ Equations 

For the twisted right mover sectors, the derivation proceeds along the same lines. Using 
the twisted vertex operator equation ( |8.1b|) , the ground state conditions (P.4b|) and the 



commutation relations (|6.17| ), we obtain the twisted KZ equations for the right movers 

= i_(r,z,a) = (^_(T«,^i,a)^4T(2),^2,a)---^.(^^^\^7v,a)). (8.14a) 



.14b) 



r. ^n{r)aj;-n{r),bl 



E F 



— n(r) 
FF 1 



^ —n{r),bl n{r)aj 



-n(r) 1 q-M q-M 
~p(pY y -n{r),hl n{r)aj 



(8.14c) 



a = 0, . . . , AT, - 1 . 



By construction the twisted right mover connection W{a) is also fiat 



(8.14d) 



.15) 
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and it is easily checked as above that this connection is also abelian flat. Note also the 
alternate forms of the right mover connection 



n{r)aj ■,—n{r) ,bl 



E 



-n{r) 



n{r),bl n(r)aj 



'1 _ A_ \—'T^^^^ T^f^^ 



(8.16a) 



2a 



n(r)aj\—n(r) ,bl , 



n(r) 
Z,, \ pW) 1 



n{r)^bl p((j) ^ n{r)aj —n{r),bl 



(8.16b) 



n{r)aj ■,—n{r) ,bl 



n(r) 

z„\^ 2 



/ > \ ^ / ^ "Waj -n{r),bl 



M _ r_ ^__'r('') T*^'^) 

On(r),0; ^n{r)aj-^-n{r)M 
Zfj. 



(8.16c) 



where the first form follows from the vertex operator equation ( ^.2b|) , while the second form 
follows from (|8.14c| ) by relabelling n —>■ —n. The third form then follows from ( ^.3c| ). This 
last form shows clearly that the twisted right mover connection differs from the twisted 
left mover connection ( ^.8| ) only by z^ and reversal of the order of the twisted 

representation matrices T. 

Finally, the Ward identities for the twisted right mover correlators 
([Joa,(0),^_(r«,Zi,a)---^_(T(^),z^,a)])^ = Qajicr)A_{a) = (8.17a) 



N 



J](^A + A,(T('^)))i_(a) = 



(8.17b) 



are obtained from ( |5.15| ), ( p.l7b| ) and ( |5.36| ). Moreover, one finds again that the -Lo-(O) 
Ward identity ( p.l7b|) is satisfied given the twisted right mover KZ equation (|8.14| ) and the 



global Ward identities in (^.17a]) 



9 Examples in the WZW Permutation Orbifolds 
9.1 General One-Point Correlators 

The twisted KZ equation for the left mover one-point correlators 



(9.1a) 
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{g+{T,z,a))„Toaj a = l...dim0, Vj 



(9.1b) 



follows from Eq. ( ^.51) , and we have included the global Ward identity in ( 9.1b|) . The 
solution of this system is 



„ ^n{r)ar. -n(r)M , . n{r) 



(9.2a) 



^n{r)aj;-n(r),bl ^ li, <: \ 



-A0(T)+£»'(a)ro„,roM 



(9.2b) 
(9.2c) 



C+(T,(t)To,, =0, a = l...dims,Vj (9.2d) 

where we have used (|6.20a|) to obtain ( |9.2b|) and ( [7.7k|) to obtain ( |9.2c|) . 
On the other hand, the ^^-(O) Ward identities ( ^.11| ) read in this case 

(^+(r, z, a))Mz + Ag^) = ^ {g+{T, z, a)), oc z'^s^^) (9.3) 

The solutions in ( |9.2| ) and ( PTB] ) agree iff 

C^{T,a)C^^'\a)%^,%u=^ (9.4) 

which also follows directly from Eq. ( |9.2d| ). But in fact the quadratic structure in ( |9.4| ) is 
not in general zero (see e.g. Subsec. |97 



(^'S^)'\<^)%a,%u + (9.5) 
which implies that the twisted one-point correlators vanish 

C+(T,or) = ^ (^+(T,^,a)), = 0, a = 0,... ,iV,-l (9.6) 

for all sectors of all WZW permutation orbifolds. 

Another way to understand the vanishing of the one-point correlators is to note that 
Eq. ( |9.2d ) has no non-trivial solution. To see this, one may peel off unitary matrices from 



T in (|7. 7h| ) to show that ( |9.2cl| ) is equivalent to the simpler problem for the untwisted 
representation matrices T 



c^{Tf{T:)p^ = ^, a = l...dim^7 



(9.7) 



which also has no non-trivial solution. This situation is familiar in the case of the untwisted 
one-point WZW correlators, where the global Ward identity c+T^ = 0, V a has no non-trivial 
solution. 

Similarly, one finds {g-{T, z,a))rj = for the twisted one-point right mover correlators. 
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9.2 General Left Mover Two-Point Correlators 



In this subsection, we solve the twisted KZ equations ( |8.5| ) for the left mover two-point 
correlators 



i+(l,2) ^ {g{r^'\z,,<y)g{r^^\z^,a))^ (9.8) 
of the general WZW permutation orbifold. In this case the global Ward identity reads 

2){r^l] + r^l]) = 0, a = 1 ... dims ,V J (9.9) 

and this tells us that 



"(^)^oS^ol;^ = ^°?^r(^)^oS^ol? when i+(l, 2) ^ (9.10) 

because of the symmetry ([4.1911) of £g((j)((j). 

For purposes of integration, the optimal form for the connections of the two-point 
correlators is 

m ^£Oai;OW/ N^(l)^(l) 



Zi2 

n{r)aj;—n{r),bl 



n(r) 



^[zA^ (2) (1) _ J_ (1) (1) 

Zl2 -n(r),bl n(r)aj -n{r),bl 



(l-5^(,),o) (9.11a) 



2 

^21 



W ~ " rOaj;Obl(^\n-Wn-W 



n{r)aj ■,—n{r) ,bl 



Z2I \Z2 



n(r) 



2 f zi\ ^(2) (1) 



^V^j q-y-^) ^(2) 

n(r)aj —n(r),bl n(r)aj ~n{r),bl 



(l-4w,o)(9.11b) 



where we have used ( ^.8|) , ( [4.19fl ) and the global Ward identity ( ^.9|) , including the form 
( ^.l(j| ). We have also used n(r) —n{r) and ( [4.191| ) in the second term of W2- Using 
Eqs. (|7.7c|) , ( [7.7g|) and (|E.4D , all the matrix structures in ( |9.11D are seen to commute. 

This gives the solution for the general two-point correlators 



^n{r)ai;-n(r)M f ^^^(1) ^(1) 



W^n(r)oj'^-n(r),w(l~''"('-),o) "-^g 



n(r)aj;-n(r),W^^^^(2) ^(2) 



('^)^n(r)aj^-n(r),6i(l^<^"('-),o) 



xz 



„^0oj;0fii, N^(l)^(l) 

12 



exp 2£j^V 



n(r)aj;— n(r),6i 
) ' 



^) -^"(O ( ) ^?r^a j '^-n(r).bl ( ^ ~" '^nM.o) 



(9.12a) 



C4T,a)z; 



Oaj;OW, ^^(l)^(l) 



~ ) 

'12 / 



X exp I 



(t)^n;V.^-nW,M(l - '^^M.o) 1 (9.12b) 
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C+(T, a){J^ + Ti]) = 0, a = 0, . . . , AT, - 1 . (9.12c) 
Here we have used (|9.10|) and ( 7.7k ) to obtain the form in ( 9.12b| ), and the integrals 



' n(r) 



X — 1 



-X 



(9.13) 



are evaluated in App. |^. 

As a check, we note that the result ( |9.12| ) satisfies the Lo-(O) Ward identity 



i+(l, 2){Xzi + Kz2 + Ag(T«) + A,(T(2))) = 



(9.14) 



because In{r)irr:) is scale invariant. 



' 22 ' 



9.3 More About the Cyclic Permutation Orbifolds 



The twisted KZ systems of Subsecs. and |8.3| can be worked out more explicitly by using 
the universal forms of T = Tt and /^^(o-) in Eqs. (|7.28|) and (|7.29|) respectively. In this 
subsection we shall do so for the case of the general WZW cyclic permutation orbifold 
Ag{Z\)/Z\, whose data is also given in Subsec. |7]^. We need in particular the twisted 
representation matrices (|7.16c|) in the factorized form 



aj 



(9.15a) 



—t,0 modp(a-) 



(9.15b) 



trjtgl ^jltr+s,jj ^r±p{ij),j ^ 



(9.15c) 



a=l...dim0, f = 0,... ,p(a)-l, j = 0, . . . , ^ - 1, a = 0, . . . , A - 1 (9.15d) 
which is a special case of Eq. (|7.28|) . 



Using ( 7.13e| ), ( 6.20a ) and ( |9.15| ), we may evaluate the quadratic forms 



raj;-r,bl f ^-^^(r) ^{-r) 



(9.16a) 



'Oai;OW/ N ^(0)^(0) _ _}_ 



Ag(r)]i^o 



(9.16b) 



A.(T)^^1 



(9.16c) 



58 



(9.16d) 



where Ag(T) is the conformal weight of each irrep T of each simple q. To evaluate (|9.16c 
we used the summation identities 



p(a)-l _ p(<7)-l 
r=0 ^ r=0 



(9.17) 



Following the more general discussion of Subsec. 9A, we verify that the one-point correlators 
of the WZW cyclic permutation orbifolds are zero 



{g{T,z,a))^ = 0, 



a = 0, ... ,A-1 



(9.18) 



because the quadratic structure ( p.l6b|) is non-zero. 

Using (|8.5|) , (|9.15| ) and (|9.16|) , a more explicit form of the twisted left mover KZ equa- 
tions for Ag{Z,x)/1'\ is obtained 

d^A+{a) = A+ia)W^{a), A+ia) = A+{r, z, a), a = 0, . . . , A - 1 (9.19a) 



A 



p{a) 2k + Q 



V 

'^i^^ r=0 j=0 ^ 



(9.19b) 



A+{(y)Qaj{(y) a = l...dim0, j = 0, . . . , ^ - 1 



(9.19c) 



N 



(9.19d) 



[QaM)^Qhi{<y)] = iSjifab'Qcjia), [W^{a),Qajicj)] = (9.19e) 

where we have included the global Ward identities of sector a in ( |9.19c| ). 

In this case, we verify the abelian flatness ( |8.7b| ) of W^{a) as follows. By direct com- 
putation using ( |9.19b| ) and 



[Ti''\Tt^] = [e\t^:^] = when z/^/x 



(9.20) 



A 



we find the proportionality 

p(cr)-l 

E I 

e^^,v r,s=0 j=0 



Z^V Zy^ 
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r s 

,M » / V^"^ f ^/^^^^"^ ^ 



+^r,^l^^ ^:±y ^ziLy (9.21) 



-r, ~s,j r+s, y^J y^J ^^^^^^ (J ate 

To check that this commutator vanishes 

[W,{a),W,ia)] = (9.22) 

one needs only the identities 

4±p(<x),i = — — = — — + —— (9-23) 

^^e^ve ^jjiv^ve ^^e^ufi 



and then one finds for each j that each distinct configuration t^jij^t^qj^t'fj in ( p.21| ) is multiphed 



by a sum of three terms which cancel. To see this analytically, the reader may find helpful 
the following intermediate relations 

E t^s^t^y^^' = E tL1,4t,,(^+^)/^ + ^ £ t%tit^/^-^y\ yy (9.24a) 

s=0 s=0 ^ s=\-r 



A-1 A-1 ^ A-1 

\^f(P) A^)^r/X .(e) {r+s)/A , (r+«)/A w (n OAh) 

r=0 s=0 r=X—s 



A-1 A-1 A-1 A-1 

E E /-^■ = E E z-^' ^/ (9-24c) 

s=0 r=\—s r=0 s=\—r 



where (|9.24a|) and ( |9.24b| ) are consequences of the t periodicity in (|9.23|) . 

We continue with Ag{7jx)/1'\ in the simple case A=prime, where we have for the twisted 
sectors a ^ 

p(cr) = A, f, s, t = 0, . . . , A — 1, j,l,m = 0, trj tr, 0" = 1, . . . , A — 1 

(9.25a) 

q-ir) _ J'^f^^ l^l^ = tr+si to = 1) (^r)s* = ^r+s-t, modA ■ (9.25b) 

In this case, we consider the twisted two-point left mover correlators and their global Ward 
identities 

i+(l,2) = {g4T^'\z,,a)g4T^^\z2,cT))^ (9.26a) 
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iH.(l,2)(r« + rf)) = 0, a = 1... dims 



(9.26b) 



which are a special case of the general discussion in Subsec. |9.2| . The global identities imply 

that i. ('1,2) = unless 



(9.27) 



as in the untwisted case. 



Then using the global Ward identities again, the twisted KZ connections of the two- 
point correlators may be written 



A-l 



Xz 



+ 



A-l 

Xzi 



(9.28a) 



1)1 



A-l 



21 



1+E 



r=l 



A-l 
Xzo 



(9.28b) 



Integrating, we obtain the twisted two-point correlators^ of sector a 

/ 2 A-l T-r 2, .2:1, (2) (1) 

A+(i,2) = c+(r) (^12) A (^1^2)— n^'^''^^ 

V r=l 



(9.28c) 



(9.29a) 



a = 1, . . . , A — 1, A = prime 



ir/\{y) 



y dx 



X — 1 



-X 



C'4r)(T«+Tf) = 



(9.29b) 
(9.29c) 



i+(l, 2)(^2i + ^;22 + 2A0(r«)) = 



(9.29d) 



where the integrals Ir/\ are evaluated in App. Because Ir/\{,zi/z2) is scale invariant, 
this result also satisfies the Lo-(O) Ward identity in ( |9.29d|) . Note that the result ( |9.29| ) is 
independent of the sector a. This can be traced back to the fact that, for prime A, the 
twisted current algebra ( [7.14| ) of each twisted sector reduces to a left and right mover copy 
of the same simple orbifold affine algebra at level k = Xk. 



^^With (7.13), ( 9.16bD and the global Ward identity, the result (9.29) can also be obtained as a special 
case of the more general two-point correlator in (9.12). 
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For H = Z2, the result (|9.29|) reduces to 

/ 

i+(i,2) = c+(r) 



1 1 



£i + 1 

22 



V 



Z12 y/ZlZ2 \ J Si - I 



(9.30a) 



h — -L) 



(9.30b) 
(9.30c) 



t[^^=ri^\ /i=l,2, tS'M'^ G {0 or 1} 

for the single twisted sector a = 1. In this result, ti is the first Pauli matrix. 

For the case A=prime and cr 7^ 0, we have also worked out the right mover two-point 
correlators and the full nonchiral product 

i(l,2) = i_(l,2)i+(l,2) = C^C^ (^|.i2|Mkilk2|)^) ' e-^«(^'^')^(i'^) 

(9.31a) 



F(l, 2) = (y, yo)t(^)tS + Ir(y, yo)t(^H 



.(1)1 



y = £1 



r=l 



^n(r) (y, Z/o) 



T X Pi-) = / p(a)-n(.) (y"\yo"') 



(9.31b) 



(9.31c) 



(9.31d) 



where yo is a fixed reference point for the integrals In/p (see also App. 0). As expected, these 

correlators are 1 2 symmetric A{2, 1) = y4(l,2). To see this, we note that Ag{Ti^)) = 
Ag(T(2)) and 



A-l 



F(2,i) = Y.i^(y~''yo)t^'^t-l + i^iy-\yoW^t^ 

A A 

r=l 
A-l 



—rr—Xi 



r=l 
A-l 



E[^^(^'^o-')^l'^^S + /r(l/,2/o-')f^^ 



l^+(2)+(l)l 



r=l 



F(l,2) + A 



A-l 



A = E^^(^o,yo"^)[t«a+f^a=o. 



(9.32a) 

(9.32b) 

(9.32c) 
(9.32d) 
(9.32e) 



r=l 
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Here we have used the symmetry relation (|9.31c| ) and t periodicity to obtain ( |9.32b|) , and 



a relabelhng to obtain ( p.32c| ). The same relations are used in the rearrangement 

A-l A-l A-l 

r=l r=l r=l 

which shows that A = 0. 

10 The Inner- Automorphic WZW orbifolds 

As our final large example, we work out the inner-automorphic WZW orbifolds 

A,{H{d)) 



H{d) 



H{d) C Lie G C Ant{g) (10.1) 



in further detail, where Lie G is the Lie group whose Lie algebra is compact simple Lie 
g. For these orbifolds, we concentrate on the rectification problem and the twisted KZ 
systems which describe the twisted left and right mover correlators. 

10.1 Basic Properties and Rectification 

Let G H{d) C LieG C Aut{g) be an element of any group H{d) of inner automorphisms 
of simple g. Following Ref. [0, we know the matrix action w{hcr) 

w{K)J = 5/e2™°-^ w{K)a'' = Sa"", w{K)^^ = w{K)a'' = (10.2a) 

aeA((7), A = l...rank (7, a = 0, . . . , p(l) - 1, N, = p{l) (10.2b) 

of on the untwisted currents in the Cartan-Weyl basis. This is the action of h^j in the 
adjoint {Tf%'' = -ifab"- Refs. |2| and discuss the condit ions on the vector d such 



that H{d) is a group of finite order. 

Then the matrix action W{h„; T) of hfj in representation T must solve the linkage 
relation ( p.5a| ) in the form 

W\K; T)T^WiK; T) = e^'^^'^^ '^T^, W\K; T)TaW{K; T) = Ta . (10.3) 

To solve these equations, it is convenient to introduce the weight basis of matrix represen- 
tation T 

{Ta)x^'= {T,X\HAmT,X') = )^ASx,x', {Ta)x^' = (T, A|E,(0)|T, A') oc 5x,x'+a (10.4a) 

[Ta, Tb] = 0, [Ta, T,] = a^T^, (10.4b) 
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Ny{a, P)T^ if a + /? = 7 
[Ta,Tf3] = ■{ a-T if a + /? = (10.4c) 

otherwise 



N^{a, (3) = -N^iP, a) = N_fs(-j, a) = ~N^.,(-a, -(3) (10.4d) 

where {A} are the weights of the representation. The solution of the hnkage relation 

W{K- T)x^' = 5a ^'e-'™^ ^ W^iK; T)x^' = 5;,^'e+2™^ '^ (10.5) 

is obtained immediately in this basis. Note that the adjoint matrices of the weight basis 
are similarity transformations of (T^'^j)^'^ = —ifab", so that W does not reduce to w in this 
case. 

We discuss the orders p(cr) and R{T, a) of w{ha) and W{h„] T), which are the smallest 
integers satisfying 

^2niaa-dp{a) _ ^-2nia\-dR{T,a) _ ^ 

These conditions imply that 

R{T, a) = p{a) when T is in the conjugacy class of 

the root lattice nn^i 
g-27n(TA,„in d_R(T,cr) _ ^heu T is in the conjugacy class of 

Amin plus the root lattice 



where {Amin} are the minimal weights of simple given in Ref. As the simplest 

example, we find 

R{T a) = [ ^^^^ integral spin j 

1^ 2p{a) for half-integral spin j 

for g = SU{2). In what follows, we revert to our abbreviation R{(j) = R{T, a). 

In (|10.2|) and (|10.5|) , the actions w{ha) and W{ha]T) are diagonal, so the solutions of 
the if-eigenvalue problem and the extended if-eigenvalue problem can be taken as: 

U\K)=x{^) = l, U\T,K) = \ G{a) = G, :F{a) = f, T{T,a)=T (10.9a) 



^A = 0, I^ = -aa-d, ^ = aX-d, M{r,a) = M{k,T) = -^^1 . (10.9b) 



This tells us that all the selection rules discussed above are satisfied naturally by the 
untwisted objects in the Cartan-Weyl basis and weight basis. For example, the selection 
rule ( [4.14|) for T takes the form 

■''{Ta)x'' = {Ta)x'', e-2™(^-^')"^(T„),^' = e-2™'^(T„),^' (10.10) 
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which is easily checked from ( [L0.4a| ). 

The inner-automorphic data in ( |10.9| ) gives the monodromies and mode expansions of 
the twisted currents of Ag{H{d))/ H{d) 



Ha(z) 



EJze 



2m\ 



2mcFa-d 



EJz) 



(10.11a) 



HAize 



(10.11b) 



H^[z) = J2 HA{m)z-'^-\ Ea{z) = J] ^^(m - aa ■ d)^-^'"-'^"-'^)-! (10.11c) 



Ha{z) = Y,H 



A[m z 



m—l 



Ea{z) = Ea{m — aa ■ d)z 



{m—cra-d) — l 



(10. lid) 



as a special case of ( p.ll| ). Here we have followed the notation of Ref. for the labelling 
of the twisted current modes. Then one finds that the twisted left mover current algebra 
is the standard []TH|, ^ ^ inner-automorphically twisted affine Lie algebra 



Q{ha) = d{H{d) C Lie G C Aut{g); a), a = 0, p(l) - 1 



^10.12a) 



[H Aim), H sin)] = kmdAB^m+nfi 



^10. 12b) 



[i^^(m), Ea{n — aa ■ d)] = aAEa{m + n — aa ■ d) 



;i0.12c) 



[Ea{m — aa ■ d), Ep{n — a(3 ■ d)] 



N^{a, [3)E^{m + n — a-y ■ d) 

a ■ H{m + n) + k{m — aa ■ d)5m+nfi 





if a + /5 = 7 
if a + /3 = 
otherwise 
(10.12d) 



A = 1 . . . rank a G A((7), a = 0, p(l) — 1 



(10.12e) 



and the commuting twisted right mover algebra Q{h^^) has the same form except for the 
sign change of the central terms. 

In this case also we have been able to solve the rectification problem for the twisted 
right movers. Using (|10.4d| ), one finds that the simplest rectification^ for all a is 



:-J 



[H^{m),Hj^{n)] = kmdAB^m+nfl 



(10.13a) 



t^The rectification in ( 10.13 ) corresponds to the choice 0{cr) = —1 for all a in Eq. ( 5.30a ), and 0(0) = —1 
differs by a Chevalley involution from the trivial rectification 0{O) = 1 discussed in Subscc. 5.4 for the 
untwisted sector. Unfortunately, 6{0) = 1 is not a rectification beyond a — 0. 
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[H^{m), E^{n — aa ■ d)] = aAE^{m + n — aa ■ d) (10.13b) 



N.y{a, (3)E (m + n — ■ d) if a + /9 = 7 



[E^{m -aa-d), Ep{n - a/5 • d)] = <j ■ + n) + k{m - aa ■ d)5m+n,o if a + /3 = 

otherwise 

(10.13c) 

H^[ni) = —HA{—m), E^{m — aa ■ d) = — £^_a(— m + aa ■ d) (10.13d) 

so that Q{h~^) ~ Q{ha) for aU sectors a of the orbifolds Ag{H{d))/ H{d). 

The stress tensors and twisted conformal weight matrices of the inner-automorphic 
WZW orbifolds are also very simple 

= L„ Pg(,)(r) = D,{T) = A,(T) (10.14a) 



i— ( J] : Ha{z)Ha{z) : + J] : ^a(^)^-a(^) : J (10.14b) 

^^^^^ ^ 2^Tg; ^ Ha{z)Ha{z) : + : ^a(^)£^-a(^) : j (10.14c) 

because the eigenvalue matrices U and U{T) are unity. Here Ag(T) is the conformal weight 
of (untwisted) irrep T of (untwisted) g. 

Similarly, we obtain the commutators with the twisted afiine primary fields 

g{T, z, z)x^' = {g4T, z)g+{T, z))x^' (10.15a) 

g+{T, z) = g+{T, z, a), g^{T, z) = g^T, z, a) (10.15b) 

[HA{m),g+{T, z)] = g+{T, z)z^Ta , [Ea{m - aa ■ d),g+{T, z)] = g+{T, z)z"'-'^''-''Ta 

(10.15c) 

[HA{m),g_{T, z)] = -z'^TAg-iT, z) , [E^{m - aa ■ d),g_{T, z)] = --'')T,^_(T, z) 

(10.15d) 

[L,im),g4T, z)] = g+{T, z)Cd z + {m + l)Ag{T))z^ (10.15e) 

[L,{m),g4T, z)] = z^izd + (m + l)A,(r))^_(T, z) (10.15f) 
because T = T and Vg(^^){T) = Ag{T). 
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10.2 The Untwisted AfRne Vacuum and Another Mode Normal Ordering 



For inner-automorphic orbifolds the action of the general twisted currents on the true 
ground state |0)o- is not known (see Refs. ||2^ and ^^). Here we provisionally study the 
action of the twisted currents on the untwisted affine vacuum |0) 



= {HA{m) - 5mfl(TkdA)\0) = E^{m - aa ■ d)|0), m > 



(10.16a) 



= {^\{HA{rn) — Smfl<^kdA) = {0\Ea{fn — era ■ d), m < 



(10.16b) 



= {HAijn) + 5mflCrkdA)\^) = Eaim — aa ■ (i)|0), m < 



(10.16c) 



= {Q\{HA{m) + 5m,o(ykdA) = (0|E„(m -aa-d), m > 



;i0.16d) 



A = 1 . . .Tunkg, Wa e A{g), a = 0, . . . , p(l) - 1 



(10.16e) 



The left mover conditions ( |10.16a| ), ( |10.16b| ) were given in Ref. and the right mover 
conditions ( [I0.16cD , ( |10.16d| ) follow immediately from the right mover copies 



= iH^{m) - 5„,flakdA)\0) = E^{m - aa ■ d)\0), m > 



;i0.17a) 



= {0\{H^{m) - 5mfl(rkdA) = {0\E^{m -aa-d), m < 



(10.17b) 



of the left mover conditions, where J are the rectified right mover currents in ( |10.13d| ). 

As an application of the commutators ( |10.15c|) , (|10.15d|) and the vacuum conditions 
( |10.16| ), we give the global Ward identities for the residual symmetry associated to the Lie 
subalgebra (|5.15|) of the twisted current algebra: 

i(a) = i_((T)i+(a), i±(a) = {0\g±{l,a) ■ ■ ■ g±{N,a)\0) = {g±il,a) ■ ■ ■ g±{N,a)) 

(10.18a) 

{[HA{0),g+i^,a)---g+{N,a)])=0 i+(a)Q^ = 0, A = l...mnkg (10.18b) 

([^^(0),^_(l,a)---^_(iV,or)]) = ^ QAA4a) = 0, A = l...rankg (10.18c) 



N 



Q^^yTi^\ [Qa,Qb] = 



(10.18d) 
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In the permutation orbifolds (see Subsecs. |8]^ and ^73|) , the subalgebra (|5.15|) provided 
all the residual symmetries of the twisted sectors, but, in this case, we also find further 
coordinate-dependent]^ Ward identities associated to the twisted root operators at m = 0: 



{[E^{-aa ■ ci), ^+(1, a) ■ ■ ■ g+{N, a)]) = ^ A+{a)Q^{z, a) = 0, V a G /\{g) 

(10.19a) 



{[E^{-aa-d)g.{l,a)---g-{N,(y)]) ={) ^ g,(z, a)i_(a) = 0, V a G A((7) . 

(10.19b) 



N N 

Q^{z, a)^Y. ^7'^'^^ ^"(^' ^) = E '^rV (10.19c) 
[<5a, <5a(2;, o-)] = aAQa{z, 0"), [Q^, Q„(z, cr)] = aAQ„(z, a) (10.19d) 



N^{a,f3)Q^{z) ifa + /5 = 7 
[g,(2),g^(2)] = <( a-g ifa + /3 = (10.19e) 

otherwise 



N^{a,l3)Q^{z) ifa + /5 = 7 
[g,(z),g^(^)] = <( a-g ifa + /3 = (10.19f) 

otherwise . 

Note that, taken together, the Ward identities (|10.18|) and ( p,0.19| ) reduce to the usual 
untwisted global Ward identities 

i+(0) 5^Ti^) = J^Ti'^) U-(0) = 0, a = 1 ... dim ^ (10.20) 

in the untwisted sector cr = 0. 

We also obtain the Lo-(O) and Lo-(O) Ward identities 

N N 

Mcj) J2 (X^, + ^.{T^"^)) =0, Yl i^^^ + ^(^^'^)) = (10-21) 

/i=i 11=1 

from ([OBI ) and ( |10.14a| ) or ( |10.15tj ) and (|10.15t|) . 



•'■"'^''Coordinate-dependent Ward identities have also been encountered in affine-Virasoro theory Q. 
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We continue with the M' and M' normal orderings of the twisted currents 

■ Jn(:r)i.{m+'^)Jn(s)An+'^) -M' = 0{m>Q)Jn(s)u{n + '^)Jn(r)^.{m+'^) 

+e{m < 0) Jn(r)/.(m + 'j^))Jn(s)u{n + ^) 

(10.22a) 

■Jn(r)^,{m + ^)Jr^[s)An+'^)■.M, = ^(m < 0) J„(,)^ + ^) J„(r)^ ("^ + jQ) 

+e{m > 0) Jn(r)/.(m + ^)Jn{s)An + ^) 

(10.22b) 

J={HA,Ea}, J = {Ha,E^}, nA = 0, ^ = -aa-d (10.22c) 
which are tailored for the untwisted affine vacuum |0). The M ordering in (|10.22a|) was 



studied in Ref. 32 



This gives the relation between the normal ordered products 



Ha{z)Hb{z): = ■Ha{z)Hb{z):m' (10.23a) 

aa ■ d - kaa ■ d , 



: E^{z)E_^{z) : = : E^{z)E_^{z) -.m' +— « " H{z) ^-^(1 + aa ■ d) (10.23b) 



■Ha{z)Hb{z): = ■.Ha{z)Hb{z):m' (10.23c) 
■.E^{-z)E^^{-z): = ■.E^{z)E.^{z):j^j,-^^a-H{z) + '^^^{l-aa-d) (10.23d) 
and hence the mode ordered form of the left and right mover Virasoro generators 
{2k + Qg)L„{m) = ^{: '^E^ip - era ■ rf)£'_Q,(m - p + aa ■ d) :m' 

+ ■■ HA{p)HA{m - p) -M'} + QgWd ■ H{m) - 5„,o^^'rf'} (10.24a) 



{2k + Qg)L(j{m) = ^^{: Ea{p — era ■ d)E_a{—'m — p + aa ■ d) 



■M' 



+ J2 ■■ HA{p)HA{-m - p) ■.^,} - Qg{ad ■ H{-m) + Smfi'^a'd'} (10.24b) 



YaA0iB = Q9?>AB . (10.24c) 
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The left mover generators ( [10.24a|) were given in Ref. [^. 

Then using the vacuum conditions ( 10.16|) we verify that the untwisted affine vacuum 



is indeed primary under Vir©Vir 

i^.(m> 0)|0) =5„,oAo(a)|0), L,(m> 0)|0) = 5„,oAo(a)|0) (10.25a) 

Ao(a) = Ao(a) = '^a'd' (10.25b) 



with the same left and right mover conformal weights. The left mover result in (|10.25b|) is 
of course very old [p^ . 

Consistent with (|10.25|) , it is not difficult to verify that the set of right mover Virasoro 
generators in ( |10.24b| ) can be expressed as a copy 

{2k + Qg)L„{m) = 2_^{: 2_^E^{p- aa- d)E_^{m - p + aa ■ d) :m' 

pGZ a 

+ J2 ■ H\{p)H\{m - p) -.M'} + Qg{crd ■ H\m) - S^^J^a^d''} (10.26) 



of the left mover Virasoro generators in (|10.24a|) . Here, {J } are the rectified right mover 



current modes in ( |10.13| ). As noted in Subsec. |775| , this situation is expected when the 
twisted right mover currents are rectifiable. 

We will also need the corresponding M' and M' normal orderings of the twisted currents 
with the twisted affine primary fields 

: HA{m)g+{T, z) ■m'= 0{m > 0)^+(T, z)i^^(m) + e{m < 0)HA{m)g+{T, z) (10.27a) 

: Ejyjn — era ■ d)g^{T, z) :m' (10.27b) 
= 9{m > 0)g+{T, z)Ea{m — aa ■ d) + 9{m < 0)Ea{m — aa ■ d)g^{T, z) 

■ HA{m)g_{T,z) ■.m,= e{m < 0)^_(T, z)#^(m) + ^(m > 0)^^(m)^_(T, ^) (10.27c) 

: Ea{m — aa ■ d)g^{T, z) i]^: (10.27d) 

= 6(771 < 0)g^{T, z)Ea{7n — aa ■ d) + 6'(m > 0)^Q,(m — aa ■ d)g^{T, z) . 

^From these definitions and the commutators in (|10.15c|) , ( |10.15d|) one computes the exact 
operator products 

HA{z)g+{T, w) = -^g+{T, w)Ta+ : HA{z)g+{T, w) :m' (10.28a) 

z — w 



70 



"U)\ ^"""■'^ 1 

E^{z)g+{T,w) = [ — ) g+{T,w)Ta+ : E^{z)g+{T,w) :m' 

z / z — w 



HA{z)g.{T,w) 



z — w 



-TAg-{T,w)+ : HA{z)g-{T,w) 



■M> 



Ea{z)g^{T,w) 
Then the relations 



w 



z / z — w 



-To,g-{T,w)+ : Eo,{z)g_{T,w) 



■M> 



■.HA{z)g+{T,z) ■.=:HA{z)g+{T,z): 



M' 



: Ec,iz)g+{T,z) :=: Eaiz)g+{T,z) -.m' ^ g+{T,z)T, 



(10.28b) 
(10.28c) 
(10.28d) 

(10.29a) 
(10.29b) 



:HA{z)g-iT,z) :=: HA{z)g-iT,z) : 



M' 



: E^{z)g_{T,z) :=: Eaiz)g_{T,z) -.m' + ^^_ ^ Tc,g-{T,z 

z 

are obtained among the normal ordered products. 



(10.29c) 



(10.29d) 



10.3 Twisted Vertex Operator Equations in Mode-Ordered Form 



For inner-automorphic WZW orbifolds, the twisted vertex operator equations (|5.10|) reduce 
to 



dg4T,z) = 2Ll':.Uz)g^{T,z):n 
2 



2k + Q, 



: HA{z)g+{T,z) --^A + Y.'- Ea{z)g+{T,z) : T_„j (10.30a) 



dg4T,z) = ■.Ja{z)T,g^{T,z): 



: HA{z)TAg-{T,z) : + ^ : E^{z)T_^g^{T,z) :j .(10.30b) 



2k ^Qg 

Using ( |10.29| ), the corresponding forms in terms of M' and M' ordered products are 

dg+{T, z) = (V : HAiz)g+{T, z) -.m' + V : E^{z)g+{T, z) -.m' T.^ 

2^ + ^5 A a 



(10.31a) 
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dg-iT,z) = - ^f^^Q (Yl ■ ^A{z)TAg-{T,z) -.m' + ^ ■ Ea{z)T^^g_{T,z) -.m' 



a 



A 



+ Y.^^T_^T^g.{T,z)) . (10.31b) 



The explicit forms of these mode ordered products 

: Jaiz)g+{T, z) -.m' = Jaiz)g+{T, z) + g+{T, z)J^{z), a = l... dimg (10.32a) 

H^iz) = J2 HA{m)z-"'-\ H\{z) = J] ^^(m)^""^"! (10.32b) 

m< — 1 m>0 



E-{z) = E^{m - aa ■ c/)z~(™~™ '^)-\ E+{z) = ^c.{rn - aa ■ d)i 

m< — 1 m>0 

(10.32c) 

Ha{z) + Hiiz) = Ha{z), E-{z) + E+{z) = E^{z) (10.32d) 

■ Ja{z)g-{T,z) -.M, = J^{z)g^{T,z) + g-{T,z)J^{z), a = 1... dim 51 (10.33a) 

Ha{z) = ^ HAim)z"'-\ H~a{z) = J2 HaMz"'-^ (10.33b) 

m>l m<0 



E~l{z) = J2 Ea{m - aa ■ rf)^(™-™ '^)-\ E^ {z) = ^ E„(m - aa ■ d)z^ 



-{m—cra-d) — l 

m>l m<.0 

(10.33c) 



Ha{-z) + h\{z) = HAiz), E^ (z) + eI{-z) = h{z) (10.33d) 

follow from Eq. (^0^). 

The twisted partial currents in (|10.32| ), (|10.33| ) satisfy the commutation relations 



[H+{z),g+iT,w)] = -^g+(T,w)TA, \z\ > \w\ (10.34a) 
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[H^{z)rg+{T,w)] = --^g^{T,w)TA, \w\ > \z\ (10.34b) 



[E+{z),g^iT,w)]= (^-) -—-g4T,w)T^, \z\ > \w\ (10.34c) 
[E~{z),g+{T,w)] = -(-) ^—g4T,w)T^, \w\ > \z\ (10.34d) 



[HA{z),g_{T,w)] = —1-Ta9-{T,w), \z\ > \w\ (10.35a) 

z — w 



[H%),g4T,w)] = -l-TAg-{T,w), \w\ > \z\ (10.35b) 
z — w 



[E^iz),g4T,w)] = -(^-) ——T^g^T^w), \z\ > \w\ (10.35c) 

[EXz)rg-{T,w)]=i-) -—-T^g_{T,w), \w\>\z\ (10.35d) 
and the vacuum conditions 

(0|^^(z)=0, iJ+(z)|0) = -afcd^lO), E+(z)|0) = (0|^-(z) = (10.36a) 

(: HA{z)g+{T, z) -.M') = -cTkdA{g+{T, z)), {■ E^{z)g+{T, z) :m') = (10.36b) 

z 



(0|A^(^)=0, H^{z)\Q) = ~-Ma\Q), E,(^)|0) = (0|C(^) = (10.37a) 

Z 



(: HA{z)g-{T,z) -.M') = --akdA{g-iT,z)), (: E^{z)g4T,z) -.m') = (10.37b) 

z 



which follow from Eqs. ([TOB^ ), ([To:33| ) and dlOTeD . 
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10.4 Consistency Check 



We consider the consistency check of Subsec. |6.3| , this time for the twisted vertex operator 
equations of the inner-automorphic orbifolds. In the case of the twisted left mover equation, 
we start from the differential equation 



dg+{T,z) = [K{-l)rg+{T,z)] 



(10.38) 



and the M' normal ordered form ( |10.24a|) of the left mover Virasoro generators. Then using 
these and the commutators (|10.15c| ) of the twisted currents with the twisted primary fields, 
we find a somewhat different form of the twisted left mover vertex operator equation 



9+{T, z) 



Qgcrd ■ T 



, z) -.M' Ta + 2 ^ : Ea{z)g+{T, z) :m' 

a 

(10.39) 



This form of the equation agrees with the form in ( p,0.31a ) iff 

a ■ dTa,T_a = 7:Qgd ■ T 



(10.40) 



and this relation is indeed an identity according to (|10.24c|) and the algebra of T in (|10.4c ) 



As a simple application of the twisted vertex operator equation (|10.39|) and the vacuum 
conditions ( p.0.36b|) , we obtain the equations for the twisted left mover one-point correlators 



d{g+{T, z, a)) = {g+{T, z, a))-ad ■ T 



(10.41a) 



(^+(T, z, a))TA = 0, A = l... rank (^+(T, z, a))T^ = 0, V « G A((?) 

(10.41b) 

in sector a of each inner-automorphic WZW orbifold. The second relation includes the 
global Ward identities in this case. The solution of this system is 



{9+{T,z,a)) = C+{T,a)z 



crd-T 



;i0.42a) 



C+(T,(t)T„ = 0, 



, dim^f 



;i0.42b) 



where we have combined both parts of the global Ward identities in ( [10.42b|) . But this 
equation has no non-trivial solution, so we find that 



(^+(T,2;,a)) = 0, 



(T = 0, 



,P(1)-1 



(10.43) 



in each sector of all inner-automorphic WZW orbifolds. The same conclusion can be ob- 
tained by comparing the solution (|10.42a]) with the L„{Q) Ward identities in (jlEp) . 
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10.5 The Twisted KZ Equations of Ag{H{d))/ H{d) 



Using the vacuum conditions ( |10.36|) , the twisted vertex operator equation ( |10.39| ) and 
commutation relations (|10.34|) , one finds after some algebra the twisted KZ equations 



= i+(T, z, a) = {g+{T^'\ z,, a) ■ ■ ■ g+iT^'^Kz^, a)) 



(10.44a) 



d^A+ia) = A+ia)W^ia), W^ia) = W^iT, z,a), a = 0, . . . , p(l) - 1 (10.44b) 



2k + Qg 



^11 - 



-cra-d 



ad ■ T(^) 
+ ^^—L_ (10.44c) 



for each twisted left mover sector a of all inner-automorphic WZW orbifolds. This twisted 
KZ connection is fiat 



and we have checked explicitly that this connection is non-ahelian fiat 



(10.45) 



1 



z^,z 

V 

2k + Q, 



10.46) 



To our knowledge, all previous KZ-like connections in conformal field theory have been 
abelian fiat. This remark includes the KZ-like connections recently obtained for open 



WZW strings K 



We have also checked explicitly that 

[QA,W^{a)] = Q, A = l...rank^ 



(10.47a) 



d^,Qc.{z, <y) - [Q^{z, a), W^{<j)] = 0, V, « e A((?) 



(10.47b) 



which guarantees the consistency of the Ward identities (|10.18b| ) and ( |10.19a| ) with the 
twisted KZ equations. Finally, we have also checked that the Lo-(O) Ward identity in 
( |10.21| ) is satisfied when the twisted KZ equations ( |1 0.441 ) and the global Ward identities 
( |10.18b|) , (|10.19a|) are satisfied. 

To obtain the corresponding results for the right mover sector of the inner-automorphic 
orbifolds, we begin with the alternate form of the twisted right mover vertex operator 
equation 



dg-{T,z) 



2k + Qg 



^{2J2- HAiz)TAg4T,z) -.M, +2J2- E^{z)T^^g^{T. 



, Z) --M' 



-QgCrd ■ T 



9-{T,z] 



(10.48) 
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which is related to (|10.31b| ) by the identity (MM) - 

Then, using ( |10.4^ ), the vacuum conditions ( |10.37 ) and the commutation relations 
( |10.15d|) , one finds the twisted right mover KZ equations 



= {g4T^'\ z,, a) ■ ■ ■g.{T^''\ a)), a = 0, . . . , p(l) - 1 



(10.49a) 



d^A^{a) = W^{a)A^{a) 



(10.49b) 



^ ' '^k + Qg z^^ 



A A 



-aa-d 



rpifJ.)rpM 



ad ■ T(^) , 
+ z 10.49c 



;i0.49d) 



for each twisted right mover sector a of the inner-automorphic WZW orbifolds. As in the 
case of the left movers, the twisted right mover connections are non-abelian fiat and 
the relations 



[QA,W^{a)] = 0, A = l...mnkg 



:i0.50a) 



d^Qa{z,a) + [Qaiz,a),W^ia)] = 0, Va G A{g) 



(10.50b) 



guarantee the consistency of the Ward identities ( |10.18c| ) and ( |10.19| ) with the twisted right 
mover KZ equations. Moreover, the Lo-(O) Ward identity in ( 10.21| ) is satisfied when the 
KZ equations (|10.49| ) and the Ward identities ( |10.18c| ), (|10.19|) are satisfied. Finally, one 
also finds that {g^{T, z^a)) = for the twisted right mover one-point correlators. 



10.6 Relation to the Untwisted Sector 



Our results for the inner-automorphic WZW orbifolds are simpler than they appear. In 
particular, we are able to relate the twisted KZ systems (|10.18|) , (|10.19|) , (|10.44|) and ( |10.49| ) 



in twisted sector a 7^ to the corresponding ordinary KZ systems of the untwisted 
sector 0" = 0. The relations are 



i+(T,z,a) =i+(T,z,0)[/(T,z,(T) 



(10.51a) 



i_(T, z, a) = U{T, z, (T)i_(T, z, 0) 



(10.51b) 
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N N 

U{T, z,a)^l[ z,'^'-^'''' , U{T, z,a)^l[ z,'^'-^''' (10.51c) 
ij,=i 11=1 



<9^i+(T, z, 0) = i+(T, z, 0)W^{T, z, 0), 9^i-(T, z, 0) = W^iT, z, 0)i_(T, z, 0) 

(lO.Sld) 

i+(T, ^, 0)Q,(T, 0) = Q,(T, 0)i_(T, 0) = 0, Q,(T, 0) = ^ T]'^), a = 1 . . . dim . 

(lO.Slf) 

In checking this equivalence one uses the identity 

x'^^-^T^x-"'^-^ = x'^-'^T,,, Vx, a e A(^) (10.52) 
and one also finds the relations 

W^{T, z, a) = U-\T, z, a){W^{T, z, 0) + d^)U{T, z, a) (10.53a) 

W,{T, z, a) = UiT, z, a) {W^{T, z, 0) - d^)U-\T, z, a) (10.53b) 

U{T, z, a)Q^{z, a)U-\T, z, a) = U~\T, z, a)Q^{z, a)U{T, z, a) = Q^{T, 0) (10.53c) 

among the connections and generators of the Ward identities. 

The equivalence relations ( |10.51| ) tell us that the twisted affine primary fields have the 



simple form 

g+{T,z,a)=g^iT,z,0)z"'''', g_{T,z,a) = z''''-^g.{T,z,0) (10.54) 

in terms of the untwisted affine primary fields at a = 0. As a consequence of ( p.0.51| ) and 
( |10.54| ), we also obtain the relations 

i(T, z, z, or) = f/(T, z, a)A{T, z, z, 0)f/(T, z, a) (10.55a) 
g{T, z, z, a) = z'"^-^g{T, z, z, 0)z'"^-^ (10.55b) 
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for the full orbifold correlators A = A^A^ and primary fields g = 

As a check on these results, we may use the classical limit of ( 10.55b ) to compute the 
classical monodromies (see Subsec. |577|) of the group orbifold elements in this case 



g{T, ze 



ze 



2m 



-2niad-T 



g{T,z,z,a)e 



2niad-T 



(10.56a) 



where we have used (|10.4a| ) and the fact that the classical group elements g{T,z,z,0) 



have trivial monodromy. Using the inner-automorphic data ( p.0.9b|) , we see that the mon- 
odromies ( 10.56|) are in agreement with the general formula ( p.41j ) for the monodromies of 



the group orbifold elements. 

We finally give the description of the left and right mover inner-automorphically twisted 
current algebra in terms of spectral flow. In our formulation the correct flows are 

HA{fn) = HA{rn) + Sm,okadA_, Ea{m — aa ■ d) = Ea{m) (10.57a) 



Ha{ttT') = HA^—Tn) — 6mflkcrdA, Ea{m — aa ■ d) = Ea{—m) (10.57b) 

where {J, J} are the ordinary untwisted modes of affine {g®g) (which satisfy ( |2.8c| ), ( p.Sdj ), 
(|;8eD and (1218^) ). The left mover flow in (|10.57a|) is well known [|18|, ||, ||, ||, ^ , while 
the right mover flow in ( |10.57b| ) is obtained from ( |10.16c| ) and comparison of ( |2.8g| ) with 
( |10.15d ) at cr = 0. The right mover flow ( |10.57b|) also gives the spectral flow 



Hj^{m) = HA{rn)' + dmflkadA, E^{m — aa ■ d) = Ea{m)' 



'10.58a) 



HAm)' = -HAim) 



E^ 



[m] 



-E_ 



[m] 



(10.58b) 



for the rectified right mover modes in ( |10.13| ). Relative to the left mover flow ( |10.57a| ), the 
extra Chevalley involution in ( |10.58b|) is the same as that discussed near ( p.0.13|) . 

The spectral flows ( [10.57| ) and ( |10.58D are algebraic results which are independent of our 
provisional choice of the untwisted affine vacuum |0) for the twisted correlators. Moreover, 
given the flows ( |10.57D and ( |10.5^ ), we find that the simple operator results ( |10.54| ) can 
be obtained directly by comparison of ( |2.8g| ) with (|10.15c|) , ( |10.15d|) . It follows that the 
simple operator results ( |10.54 ) and ( |10.55b|) are also independent of our provisional choice 
of the untwisted affine vacuum. 
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A New Braid Relations 

The braid relations 



follow easily (start with W'^Tn(r)nW) from the linkage relation ( |3.5| ) and the if-eigenvalue 
problem ( p.l2| ). It is expected that the linkage relation leads to other connections of this 
type between the if-eigenvalue problem and its extended form. 

B A Criterion for Rectification 

In Subsecs. [7.3|, |7.4|, |7.5| and p,0.1|, we have argued that twisted right mover current algebras 



can be rectified for each sector of all permutation orbifolds and all inner-automorphic 
orbifolds. In this appendix, we find a group-theoretic sufficient condition for right mover 
rectification in any sector a of any current-algebraic orbifold. 

We will present our argument in terms of the currents J', J with twisted boundary 



conditions |]^| 



Jaize'-^') = wiK)a'Mz), Ja{ze-'^') = w{K)a''Jb{z) . (B.l) 

These are mixed monodromy objects which are related to the untwisted currents by local 
isomorphisms, 

Mz)Mw) = +lhLX{w) + 0{z - wf (B.2a) 

[z — wY z — w 



Jaiz)Mw) = -^^+ll^X{w) + 0{z-w)' (B.2b) 
(z — wY z — w 



as shown in the commuting diagram |^ of Fig. 1 
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(J, J) xU{Jj)^{J,J) {J, J) 



{J, J) xU{JJ)^{Jj) {J, J) 

Each vertical double arrow is a local isomorphism 
J, J — currents: trivial monodromy, mixed under automorphisms 
J iJ — eigencurrents: trivial monodromy, diagonal under automorphisms 
J, J — twisted currents with definite monodromy 
J — currents with twisted boundary conditions 

Fig.l : Currents and orbifold currents 



The currents with twisted boundary conditions are related to the twisted currents as follows 



(B.3a) 



Jn{T)pi{z,(y) = xW)n{r),JJ{(y)n(r)t,''Ja{z,(y), J n(r) t,{z , (j) = xW) n{r) fjP {^) n{T) pl"" J a{z , (j) 

(B.3b) 

so that, according to ( |B.3b| ), the monodromy decompositions of jf, J give the twisted 
currents of the text. 

In twisted sector cr, the sufficient condition for rectification of the twisted right mover 
current algebra is that we can find a g automorphism A{a) which relates the action 
w{h~^) = w'^ih^) to the action w{h„): 

A\a)w\K)A{a) = w{K), A\a)A{a) = 1, A{a) G Aut(^) . (B.4) 

Then, using the right mover forms of (p.l| ), ( p.2|) and ( B.4 ), we find that the linear com- 
binations J^f of the right movers 

JK{z) = A{a)a'j{z)t (B.5a) 



JK{z)JUw) = + ^^JK{w) + 0{z - w)\ JK{z^n = w{K)a'Jh{-z) 

[z — wy z — w 

(B.5b) 

satisfy the same OPEs and twisted boundary conditions as the left movers Ja{z\ It follows 
that the monodromy decompositions and mode algebras of both are identical. 
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C Summation Identities 



The following summation identities are useful in evaluating exact OPEs 

m 



n{r) n(r) 



(C.lb) 



_ n(r) _ _ —n{r) 



n(r) _ _ -n{r) . 



vw/ — \w/ ' '"'■"^ ' \zJ I \z — vjf' w{z — w) 

(C.ld)' 

^/(-n(r)) = 5^/Kr)), V/. (C.le) 

r r 

The first two relations hold for \z\ > \w\ and the second two hold for \z\ > \w\. For the 
first four relations, we have used the change of variable m' = m + \n{r) / p(o")J , where \_x\ 
is the floor of x (see Ref. ||32|). 



D The General Current- Algebraic Orbifold A{H)/H 
The twisted left mover sectors of the general current-algebraic orbifold 



were studied in Refs. Here, we supplement that discussion by including the corre- 

sponding results for the twisted right mover sectors. 

The stress tensors of the general current-algebraic orbifold are: 

(D.2a) 



= J„(.v(^) J-„(.),.(^) -.M -^^nMM;-n(.),.°'(a)^^ (D.2b) 
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(D.2c) 



J2 X(r.)M(^)^-n(r),.(^) ■ M -'-^^J'n(r)f.;-n(r),u'\cr) Jos{z) (D.2d) 



r,fi,u 



z p{a) 



1 -n(r) -^(r) ^^ , 

+ — „ . X U j^n(r)M;-n(r),i^l'^j/ 



f2 2p(a) p(or) 

£nMM;n(.).(^) = xM4)^x(-);(V^?^'f^^(^)a"^'^^f^H^)^'^^'^^ a = 0, . . . , AT, - 1 (D.2e) 



fn(r)+n(s),Omodp(cr)''- l^J ■ 



(D.2f) 



Here M and M normal ordering is defined in the text, is the if- invariant solution [|l^, Q 
of the Virasoro master equation Q corresponding to the if-invariant CFT A{II\ and 
{£(cr)} is the set of twisted inverse inertia tensors ||31|, |32| of the orbifold A{H)/ H. 

We also give the OPEs of the general stress tensors with the twisted currents 



[z — wy [z — w) 

z — w 



(D.3a) 



+ 0{z-wf 



f,{z)X^r)^.{w) = A<n(.)/^'^^^(a)[— + J^^]Jn(r)f.iw) (D.3b) 



[z — w)^ [z — w) 



z — w 



where ( p.3aD and the twisted tensors Ai{a) and A/'(o") are given as duality transformations 
in ig. For the special case of WZW orbifolds Ag{H)/H, one finds H 



Mnir)A^''^%cr) = Ar„(,)/W^^"W^(o-) = 0, a = 0, . . . , iV, - 1 (D.4) 



so Eq. ( p.3| ) reduces to the results given in ([5. 81). 

We finally comment on the general permutation orbifold A{H)/H, i7 (permutation) C 
Aut(5'). In this case, we may use ( p.2|) and the ground state conditions ( [7.9|) to compute 
the ground state conformal weights (conformal weights of the twist fields) 



L,(m > 0)|0), = 5™,oAo(^t)|0)^ 



(D.5a) 
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U{m > 0)|0), = (5„,oAo(a)|0)^ 



(D.5b) 



rn(r)aj;-n(r),bl(^\ ( 1 ~^(^) \ r 



2p{a) 



where we have also used Eq. ( |6.8e|) to complete (p.5c| ). A more explicit expression for 
Ao(cr) is given in Ref. |32|. The equality ( p.5c|) of the right and left mover ground state 
conformal weights is a consistency check on the form ( |5.12|) of the general twisted current 
algebra. We further expect (but have not yet tried to prove) that the Virasoro generators 
Lcr{m), Lcr{m) of the general permutation orbifolds are copies when L(j[m) is expressed in 
terms of the rectified right mover current modes in Eq. ( |7.24| ). 



E The Factorized Form of T(permutation) 

In this appendix, we work out further properties of the twisted representation matrices T 
of the general permutation orbifold. In this development, we suppress the sector label a 
and we follow the convention BTI, P^, that the normalization constants Xn(r)aj = Xn{r)j 
are chosen independent of a. 

Then we find that the twisted representation matrices of all permutation orbifolds can 
be written in the factorized form 



n(r)aj 



t 



(E.la) 



n{t)m 



(E.lb) 



(tn{r)j'tnis)l)n{t)p^^'''^'^ = Xn{r)jXn{s)l ^ Un{r)/ Un{s)/ Un(t)p\U^) l"'^'^'''^ (E.lc 



[tn{r)j , inisy] — 



(E.ld) 



where T is a matrix irrep of g, ( |E.lb| ) is equivalent to ( |7.7hD , ( |E.lc| ) follows from ( |E.lbD , 
and (pH.ldp follows from ( E.lc ). Examples of the matrices t can be read from Eqs. (|7.16c| ) 
and ( |7.20c| ), and the factorized form is used explicitly in Subsec. P75 . 



To learn more about the matrices t, we recall the algebra of T 

tn- q- 1 ••77 n{T)+n{s),cmq- 

[-'n(r)aj; ^n(s)hl\ n{r)aj;n(s)bl ■^n{r)+n(s),cm: 



(E.2a) 



n(r)+n{s),cm r cn n{r)+n{s),m 

•J n{r)aj;n{s)bl Jab "n{r)j;n{s)l 



(E.2b) 
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f) , , .n{r)+n{s),m _ n n(T-)+n(s),' 
'^n(r) J -,11(3)1 '^n(s)l]n(j')j 



(E.2c) 



XnM.Xn(s)a4)+n(.),n. E Unir)/ U^^s)/ (U^V^^^^''^'^'"' (E.2d) 



where (|K2b|) , (|K2cD and (^^H) follow from ( ^^23]) and ( Vl^ . Comparing (|K^ ) with the 
factorized form Tt of T, we find the multiplication law for t: 



J. J. n n{r)+n(s),mj. 

'^n{r)j^n{s)l "n{r)j;n{s)l ^n{r)+n{s),m 

Then we find for example that 

[Tn{:r)aj,rf'''%i{s)bl^-n{s),cm\ =0, V ^(s) 



(E.3) 



(E.4a) 



(E.4b) 



are implied by ( [E.3|) and the algebra of T. These results tell us that all the matrix structures 
in (|9.11|) commute. 

For permutation orbifolds (see Subsecs. [7.3| , |7.4| and |7.5| )) we can choose the normaliza- 
tion constants Xn{r)j such that 



^ n(t)cm ( \ £ cr rmr 

n{r)aj;n(s)bl I'^J — Jafe '^ji'^i On{r)+n{s)-n{t)fl\nodp(a) 



(E.5) 



where j, / and m are the semisimplicity indices of the general orbifold affine algebra ( 7.22b|) . 
In this basis, one finds from ( |E.2b|) that 



n n(T)+n{s),m r rm j. j. S -t 



(E.6a) 



/j. \ n{t)m r r 

l^rn(r)j Jri(s)/ — OjlOi On(r)+n{s)-n{t) fl modp{a) 



The explicit representation of t in ( |E.6b ) follows from (|E.6a|) , and the result 
in Eq. (|7.28| ). As an application of ( [E.6|) we compute for all n{r) 



r abV-^(2) ^(1) T^^) +T 



(2)] 
Od J 



(E.6b) 

is stated 

(E.7) 



iv'^'Ti'^ hM'^ Tit^l ) -t^'^ , , -4^ - t'^l ) -t^'^ , , 

/ a J oc cL / j \ n(r)j —n(r),j U/ n(r)j —n(r),j I 



(2) ,(1) ,(1) ,(2) ,(1) 



.(2)n 
''OZ / 



n(r'),Z /) n{r)l\ rv 



Generalization of this identity leads to the result (|8.10| ) of the text. 
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F The Integrals If^jp 

In this appendix, we evaluate the integrals In which are encountered for the permutation 

p 

orbifolds in Sec. 0. The integrals are defined up to additive constants as 



y = — , G {0, . . . ,p - 1} 

^2 



(F.la) 



In{y) 
p 



y dx _5 

X P p 

X — 1 



ZP - 1 



y-'^' dz 



ZP - I 



(F.lb) 



P 



}_ fz2\P 
Zl2 \Zl, 



1 fzi 



22 ' 



Z2I \Z2 



(F.lc) 



(F.ld) 



where the symmetry relation ( |F.ld| ) follows by comparing the last two integral representa- 
tions in ( Flb|) . 

The z integrals can be simplified by the identities 



zP - 



1 = \\{Z - Zr/p), Zr/p = e^'^'p 



r=0 



(F.2a) 



1 P-^ 

1 V dy. 



a-rip) 



ZP - I Z - Zr/p 

r=0 ' ^ 

SO that we obtain for the first z integral 



(F.2b) 



p-i 

P r=0 



u 



[U + Zr/p 



\p-l-n 



(F.3) 



after a change of variable to u. This can be evaluated via the binomial theorem, with the 
result 



p-i 



r=0 



\n{yp -Zr/p) + 5^ y( 
1=1 



1 /' p — 1 — n 
I 



I \ I r/p I 



(F.4) 
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This form is simplest for n near p — 1, and ([F.ld| ) gives the corresponding results for low 
n. As examples we list the results 

e^ofe) (X y-l (F.5a) 
ip-i{y) /i(y-i) P-l 1 

e p oc e p oc \\{yp - ZrjpY''^^^'^ (F.5b) 

r=0 

e 2 oc e 2 oc (F.5c) 

?/2 + 1 

/p_2(y) /2fe"') Cli 1 

e P oc e P oc JJ(i/p - Zr i pY''^^^'^^-^ < " eP'^^^^^'^y ^"-"'Vp) (F.5d) 

r=0 

which are given up to multiplicative constants. 
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